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Abstract. We determine a primitive form for a universal unfolding of an afnne cusp 
polynomial. Moreover, we prove that the resulting Frobenius manifold is isomorphic to 
the one constructed from the Gromov-Witten theory for an orbifold projective line with 
at most three orbifold points. 
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1. Introduction 



< 

The notion of primitive forms is introduce by K. Saito [T5| 116] in his study of 
period mapping associated to a deformation theory of an isolated hypersurface singularity. 
Roughly speaking, a primitive form is a generalization of a differential of the first kind on 
an elliptic curve and the tools in order to define a primitive form are natural generalization 
of a polarized Hodge structure. One of the most important ingredients is a Frobenius 
structure, which he called the flat structure, on the deformation space. 

The existence of primitive forms is proved for isolated hypersurface singularities [18] 
(for comprehensive guides, see also [3, [33]). However, explicit forms of primitive forms 
are rarely known except for a few cases; for ADE singularities [15] . for simple elliptic 
singularities [151 I2Q] and for some Laurent polynomials [31 H]. In the present paper, we 
^ . shall add a new class of polynomials to them. 

Let A be a triplet (ai,a 2 ,a 3 ) of positive integers such that a\ < a 2 < a 3 . Set 
fJ'A — a i + a 2 + a 3 — 1 and xa '■= l/ a i + l/ a 2 + l/ a 3 ~~ 1- We can associate to A the 
polynomial /a(x) G C[xi, 22, £3] given as 

/ A (x) := xf + x a 2 2 + - q- 1 ■ x x x 2 x z (1.1) 

for some q G C\{0}, which we shall call a cusp polynomial of type A, in particular, an 
affine cusp polynomial of type A if \a > 0. 

The purpose of this paper is to determine a primitive form for a universal unfolding 
Fa of an affine cusp polynomial J'a, a deformation Fa of f a over a \xa- dimensional manifold 
M := C^" 1 x (C\{0» given as 

3 a»-l 

F A (x; s, SfMA ) := x? + xf + 4 3 - ■ x t x 2 x 3 + Sl ■ 1 + ^ ' ^ 

i=i i=i 
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which induces an 0M-isomorphism 




5 i-> 5F A . 



(1.3) 



Moreover, we shall prove that the resulting Frobenius manifold is isomorphic to the one 
constructed from the Gromov-Witten theory for an orbifold projective line with at most 
three orbifold points. 

First, we shall show the following theorem, which is our main theorem in this paper: 

Theorem (Theorem 13. ip . The element (a '■= [ s al^ x i A dx2 A dxs] £ fip is a primitive 
form for the tuple (Hp , V, Kp A ) with the minimal exponent r — 1. 

There is an C^-algebra structure on 7m by the 0M-isomorphism (II. 3p . which we 
shall denote by o. Note also that we have special elements [1] and [Fa] on the right hand 
side of (ll.3p which give elements e G T(M, 7m) which is the identity with respect to the 
product o and E e T(M, 7m)- As a corollary of our main theorem, we obtain a non- 
degenerate symmetric C>M-bilinear form on 7m such that the tuple (rj, o, e, E) defines on 
the deformation space M a Frobenius structure of rank \xa and dimension one (cf. [19|). 

Next, we show that this Frobenius structure satisfies the conditions in Theorem 3.1 



Theorem (Theorem 14.11) . For the Frobenius structure of rank \x A and dimension one 
constructed from the pair (/a, C0> there exists flat coordinates t\, t\A, ■ ■ ■ , £3,03-1? t lXA 
satisfying the following conditions: 

(i) The unit vector field e and the Euler vector field E are given by 



of [9]. 



d 







3 a-i-1 



d 



d 





(1.4) 



satisfies 




(iii) The Frobenius potential J-f A £ A satisfies EFf A ^ A \ tl =o = 2^/ A ,£ A |t 1 =o; 
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(iv) Assume the condition (iii). The restriction of the Frobenius potential J~f A £ A to 
the submanifold {t\ = e*^ = 0} is given as 

where G C[t i>h . . . ,*i, 0i -iL i = 1,2,3. 

(v) Assume the condition (iii). Jn the frame 9^7, • • • > — ~? o/Tmi the 
product o can 6e extended to the limit t\ = t^i = ■ ■ ■ = t 3i a 3 -i = e*^ = 0. TTie 
C-algebra obtained in this limit is isomorphic to 

C[xi,x 2 ,x 3 ] /(xix 2 ,x 2 x 3 ,x 3 xi,a 1 x1 1 - a 2 x 2 2 , a 2 x 2 2 - a 3 x°£) , 

where d/dti t i,d/dt2 t i,d/dt 3t i are mapped to Xi,x 2 ,x 3 , respectively. 

(vi) The term 

e lti A %f a\ = a 2 = a 3 = 1, 

h.ie^A if 1 = ai = a 2 < a 3 , 

*2,i*3,ie*^ 1/ 1 = 01 < a 2 , 

*i,i*2,i*3,ie*^ 1/ ai = 2, 
occurs with the coeffcient 1 m J~f Aj c, A - 

As a consequence, we obtain the mirror isomorphism as Frobenius manifolds: 

Corollary (Corollary 14. 5p . There exists an isomorphism of Frobenius manifolds between 
the one constructed from the Gromov-Witten theory for F\ and the one constructed from 
the pair (/a,Ci)- 

This result is already obtained by Milanov-Tseng [11] for the case a± = 1 and by 
Rossi [13] for the case \a > 0. The present work is the second in a series of papers to 
simplify and generalise their works. In our subsequent papers, we shall show that the 
Frobenius structure constructed from the pair (f^, CO in this paper is isomorphic to the 
one constructed from the extended afhne Weyl group Wa by Dubrovin-Zhang in [5] and 
that the Frobenius structure constructed from cusp singularity (i.e., f a with xa < 0) with 
the "canonical" primitive form satisfies the conditions in Theorem 3.1 of [9]. 
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2. Notations and Terminologies 
Let A be a triplet (a 1 , a 2 , a 3 ) of positive integers such that a 1 < a 2 < a 3 . Set 

ix A '■= «i + a 2 + a 3 - 1 (2.1) 

and 

111 . . 

:=- + - + - - 1. 2.2 

ai a 2 a 3 

2.1. Universal unfolding of afRne cusp polynomials. 

Definition 2.1. A polynomial /a(x) G C[xi, x 2 , x 3 ] given as 

/ A (x) := < + xf + x° 3 - q- 1 ■ Xl x 2 x 3 (2.3) 

for some q G C\{0} is called the cusp polynomial of type A. In particular, we shall call 
/a(x) an affine cusp polynomial of type A if xa > 0. 

Assumption 2.2. Throughout this paper, we shall assume that the triplet of integers A 
satisfies xa > 0. In particular, we shall only consider affine cusp polynomials. 

Let /a = /a(x) be an affine cusp polynomial. One can easily show that 

'df A Of A df A ' 



C[Xl ^ X3] /(^^dx-J 



is of rank /^a- We can consider the universal unfolding of /a, a deformation of /a 
defined on C 3 x M, M := C MA_1 x (C\{0}) over a /i A -dimensional parameters (s, s^ A ) G M 
given as follows: 

Definition 2.3. Define a function Fa(x; s, s^ A ) defined on C 3 x M as follows; 

3 Oj-l 

F A (x; s, S/M ) := x? + x a 2 2 + xf - s~ l A ■ Xl x 2 x 3 + Sl ■ 1 + ^ ^ ' ^ ( 2 ' 4 ) 

i=i j=i 

Denote by 

p:C 3 xM^M, (x; s, ^ (s, s„J 
the projection map from the total space to the deformation space. Set 

p,0 c := OmIx, x 2 , a*] / ^, ^ J • (2.5) 

can be thought of as the direct image of the sheaf of relative algebraic functions on 
the relative critical set C of Fa with respect to the projection p : C 3 x M — > M. 

Proposition 2.4. The function -Fa(x; s, s ma ) satisfies the following conditions: 
(i) F A (x;0,<z) = / A (x). 
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(ii) The O ] M-homomorphism p called the Kodaira- Spencer map defined as 

p:T M —>P*O c , 5^5F A , (2.6) 

is an isomorphism. 

Proof. Since Fa is tame at any point on the deformation space M, namely, there are 
no critical points coming from infinity Therefore, the statement follows from the same 
argument in Section 2. a of [3J. □ 

Note that the tangent bundle 7m naturally obtains an C A ,/-algebra structure. 

Definition 2.5. We shall denote by o the induced product structure on 7m by the Om~ 
isomorphism ( I2.6p . Namely, for 5,5' 6 7m, we have 

(5 o 5')F A = 5F A - 5' F A in p*O c . (2.7) 

Set M := C MA_1 x C. Let i be the natural embedding 

l:M^M, (s,s MA )^(s, S/M ), (2.8) 

and let be the divisor M\i(M) : = {(s, s MA ) G M \ s^ A = 0}. Denote again by p the 
projection map from the total space to the deformation space: 

p : C 3 x M — )• M, (x; s, s^ A ) ^ (s, SfiA ) 

Set 

// OF 9F OF \ 
V flA ~0^' ,SflA ~0^ ,SflA ~0xt ' ifl ^ x ' s )' i?2 ^ x ' s )J ' ( 2 ' 9 ) 

where 

a,— 1 ij+i — 1 

Fi(x, s) := aixf - Oi+ix^i + ■ s*j " ^ - ^ J - s i+ u ■ x{ +l , i = 1, 2. (2.10) 

Proposition 2.6. ^4s an Ojj-module, p*Oq is free of rank p A . As an Oj^-algebra, it 
is isomorphic to the Ojf-subalgebra of l* (p*Oc) whose Ojj-basis is given by the set of 
residue classes of monomials 

{l, x\ (i = 1, 2, 3, j = l,...,(n- 1), s~ l A x 1 x 2 x z ] . (2.11) 

In particular, we have the isomorphism of Om -modules 

l* (p*Oc) ^p*O c . (2.12) 

Namely, p^O-^ is an extension of ' p*Oc as a free Ojj-module. 

Proof. It is almost obvious that i* ~ p*Oc- 
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Lemma 2.7. We have 

p*Oc /s^p^Oc ^ Moc [xi,x 2 , x 3 ] I ^X2X 3 ,x 3 x 1 ,x 1 X2,H 1 (x,s),H 2 (yi,s)^ , (2.13) 

is a free O ^M^-module of rank \aa- In particular, we have 

p*Oc /m(o fi )p*Oc ~ C[x 1 ,x 2 ,x 3 ] j [x 2 x 3 ,x 3 x 1 ,x x x 2 ,a x x a ^ - a 2 x a 2 2 , a 2 x a 2 2 - a 3 x°f^ , 

(2.14) 

where tti(o,o) is the maximal ideal of Ojf corresponding to the point (0,0). 

Proof Some elementary calculations yield the statement. □ 

By this lemma, we see that is free of rank \ia as an (9^-module. The rest 

follows from the following equality in (p*Oc) : 

a» — 1 

[s~ l A x lX2 x 3 ] = <nx? + ^2 J 

3=1 



, i = 1,2,3. (2.15) 

□ 



Therefore, pJD-g can be thought of as the direct image of the sheaf of relative alge- 
braic functions on C, a closure of the relative critical set C in C 3 x M, which is flat and 
finite over M. 

Proposition 2.8. Denote by Tjj (— log M^) the sheaf of holomorphic vector fields on M 
with logarithmic zeros along the divisor defined as 

^(-logM^) := {5 e T-m I 5 SflA e s^ A ■ (%}. (2.16) 

Then, 7jj(— logMoo) is a free O-^-module of rank lia and we have the isomorphism of 
Om -modules 

t* (T w (-log M^)) ^T M . (2.17) 
Namely, 7m (— logM^) is an extension ofTu as a free O-^-module. 

Proof. The statement follows from the fact that 

r M (-logM^(9 M A ^0^^. (2-18) 



l<i<3, 
l<J<Oi-l 



□ 



Proposition 2.9. The Kodaira-Spencer map p induces the Ojj -isomorphism p 

p: ^(-logM^) -^p*<% (2.19) 
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Proof. The statement easily follows since the Kodaira-Spencer map p induces the Ojj- 
isomorphism between Tjj (— logMoo) and the free O^-submodule of (p*Oc) spanned 
by the residue classes of monomials 

1, x\ (i = 1, 2, 3, j = l,...,Oi- 1), s~]xix 2 £ 3 - (2.20) 

□ 

2.2. Primitive vector field and Euler vector field. 

Definition 2.10. The vector field e and E on M corresponding to the unit 1 and F by 
the (^/-isomorphism ( 12. 6ft is called the primitive vector field and the Euler vector field, 
respectively. That is, 

eF A = 1 and EF A = F A in p,O c . (2.21) 

Proposition 2.11. The primitive vector field e and the Euler vector field E on M are 
given by 

dr\ 3 &i 1 . r\ r\ 

In particular, they naturally define elements ofT{M,Tj^{—\ogM OQ )). 

Proof. This is clear. □ 

Lemma 2.12. We have the "Euler 's identity": 

F A = EF A + Y,-xt%f ± - (2-23) 

i=l 

Proof. This is also clear. □ 



Definition 2.13. An element g G Om is of degree I for some k e Q if it satisfies the 
equation Eg = Ig where E is the Euler vector field. If Eg = Ig, then I is denoted by 
deg(</). 

Lemma 2.14. Suppose that g e satisfies Eg = deg(g) • (7. TTien, we have deg(g) > 
an<i deg(g) = if and only if g is a constant function. 

Proof. It follows from our assumption that \a > 0. □ 
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2.3. Filtered de Rham cohomology. For any non-negative integer i, we set 

pA* x m/m ■= r(A 3 ,^ 3 ) ®c M , (2.24) 
where Q l A3 denotes the sheaf of algebraic differential i-forms on A 3 , the algebraic variety 
underlying the complex manifold C 3 . £>*^a 3 xm/m can ^ e thought of as the direct image 
of the sheaf of relative algebraic differential i-forms with respect to the projection p : 
C 3 x M — > M. 

Definition 2.15. Define flp A as 

^F A '■= P^A^xM/m/^Fa A V*^%ixM/M- (2.25) 

Proposition 2.16. VL Fa is a free p^Oc-module of rank one and hence a free OM-module 
of rank /ia ■ 

Proof A p^Oc-free base of Qp A can be chosen as [ou], ou :— dx\ A dxi A dx$, and hence an 
CM-free basis of Qp A can be chosen as 

{[cj], [xjuj] (i = 1,2,3, j = l,...,Oi - 1), [x^xsuj]} . (2.26) 

□ 

Definition 2.17. We set 

U Fa := R 3 p,{Q' A3xM/M ® 0m M {{u)),ud + dF A A) (2.27) 
and call it the filtered de Rham cohomology group of the universal unfolding Fa- 
For any fceZ, put 

n ( i A h) := M 3 ^(fi; 3xM/M ®o M M [[u]}u k ,ud + dF A A). 
Obviously, one has an Om [[u]] -isomorphism for all i e Z 

Hf A ^H { ~ A \ u^u k u, (2.28) 

and an M ((w))-isomorphism 

U { p A k) ®o MM] M ({u))^U FA . (2.29) 

Furthermore, H^f^ is naturally a submodule of %f a so that {W.p~®}iez form an increasing 
and exhaustive filtration of T-Lf a '- 

• • • C U { FA k - l) C n ( FA k) C • • • C U { Fa 1) C Uf A C • • • C U Fa) (2.30) 

such that Hf a is complete with respect to the filtration in the following sense: 

|J U { FA k) = U Fa and P| U ( FA k) = {0}. (2.31) 

kei kez 
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Proposition 2.18. For any k G Z, "Hp.® ^ an ^A/[M]-/ree module of rank In 
particular, we have the following short exact sequence of Om -modules 

-). HffV ft?] ^> Q Fa -> 0. (2.32) 
Proof. One can choose an 0m [M] -free basis of "H^j as 

{[w], [a^'w] (i = 1,2,3, j = 1, ... ,Oi - 1), [xix 2 x 3 w]} (2.33) 
where w = dx% A c?X2 A dx 3 . The rest is clear. □ 
Definition 2.19. Define an element (a of r(M, "H^P) as 

(a ■= [s~^ A dxi A dx 2 A dx 3 ] . (2.34) 

(— fc) 

Definition 2.20. For any k E Z, define an (^^[[ttjj-free module Hp. of rank as 

«S : = °a/[M] • «*Ca OffiN] • OjtN] • (2.35) 

l<i<3, 
l<J<Oi-l 

where we regard (a, x {(a> s~^XiX 2 x 3 (a as elements of T(M, L*7ipl). 
Proposition 2.21. We have the isomorphism of OM[[u]]-modules 

L *(u ( p~^~Hp- A k \ ieZ. (2.36) 

Namely, Hp^ is an extension ofHp^ as a free Ojj[[u]] -module. 

Proof. It is clear by Proposition 12.181 □ 
Definition 2.22. Define an C^-free module Qp A of rank ha as 

Q Fa := O w ■ r<°>(C0 O w ■ r^\x\U) O w ■ r<® {s-faxwU), (2.37) 

1<»<3, 

l<J<Oj-l 

where we regard r^(^), r^(a^^), r(°> (s~ a XiX>zX S (a) as elements of T(M, L*£lp A ). 
Proposition 2.23. We have the isomorphism of Om -modules 

t* (Q Fa ) ~ Q Fa . (2.38) 
Namely, Qp A is an extension of Qp A as a free Ojj-module. 

Proof. It is almost clear. □ 
Proposition 2.24. Qp A is a free p *C%- module of rank one. 

Proof. A p*0g-free base of ilp A can be chosen as t^(^a) m Definition 12.221 □ 
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Proposition 2.25. We have the following short exact sequence of Ojj -modules 

-> TL^Fa ^ ^ n ^ -> 0. (2.39) 

Proof. It is clear by their definitions. □ 

2.4. Gaufi— Manin connection. We define the free (9a/ [[«]] -module 7c u xm of rank /i^+l 
as follows: 

T CllX M := W [[u]] r © Cm[[«]] ®o m Tm- (2.40) 
a// 

Definition 2.26. We define a connection, called the Gaufl-Manin connection, 

V:T C u xM ®O m 

U Fa ->• (2.41) 
by letting; for 5 G 7m and £ = [</>dxi A • • • A dx n ] &'Hf a , 

V^C := [(-(5^)0 + 5(0))cfci A • • • A tfa n ], (2.42a) 

V^lC := [(-4^A0 + ^r)dx! A • • ■ A da?„]. (2.42b) 

Proposition 2.27. Gaufi-Manin connection V : 7c u xM ®o m H-Fa — ^ satisfies 
following; 

(i) V is integrable: 



0. 



0, [Vi,Vy] = V [s ,6'], 6,6' G 7m- 

(ii) V satisfies Griffith transversality: that is, 

V : Tm ®o m n ( f A k) — )> -H^' +1) , fc G Z. (2.43) 

(iii) The covariant differentiation V j_ satisfies 

du 

V^(?4?)c?4 fc+1) , keZ. (2.44) 

Proof. See Proposition 4.5 of [TH] and reference there in. □ 

We shall consider the extension the Gaufi-Manin connection V on Hf a to the one 
on 1-Lfa- Define the free Oj[[m]] -module 7c x a?( — log Moo) of rank ha + 1 as follows: 

T CuX m(- log Moo) := OsrN]^ © Ojg{[u]] ®o w T w (- logM^). (2.45) 

Proposition 2.28. The Gaufi-Manin connection V on 7-Lf a extends to 7-Lf a with loga- 
rithmic poles along M^, namely, V induces the connection 

V :T CuXli (-]ogM 00 )®o jr H FA ^U Fa , (2.46) 
satisfying the following conditions: 
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(i) V is integrable: 



Vjl, Vi 

du du 







du 



0, [V«,Vi/] = V M , 5,(5' e log M 



(ii) V satisfies Griffith transversality: that is, 

V : T^-logM^) — ► fceZ. (2.47) 

(iii) TTie covariant differentiation V_d_ satisfies 

du 

^(tVC. ^Z. (2.48) 

Proof. We shall check that 

« W V • (W^)c« fA . (2.49) 

Va(^)c%, V^_CH Fa ) gH Fa , z = 1,2,3, j = l,...,Oi-l. (2.50) 

uV jl CR Fa ) cU Fa . (2.51) 
First we shall check the condition (I2.49p . One has 

s w V_s_Ca = -sTjariJCa^aCA - Ca, ( 2 - 52 ) 
s /m V_§_:^Ca = -s~!xix 2 x 3 • x^Ca - zRa, (2.53) 

Sm a V^_s" 1 xiX2X 3 Ca = -(sZlx^xzfCA - 2sT}xix 2 x z Ca- (2.54) 

The images of s~^x 1 x 2 x 3 ■ x^Ca an d (s^^i^^^Ca by r can be extended to £1 Fa . 
By Proposition 12.241 and Proposition I2.25[ we can show that 1/u ■ s~^x\x 2 x^(a, 1/u ' 

Next we shall check that the condition (I2.5ip . The assertion for s\ is obvious. One 

has 

V^0 • (a = - 4 ■ ■ Ca, (2-55) 

where is an element of the set {1, OFa/Os^ (i = 1, 2, 3. j = 1, . . . , a« — 1), OFa/Os^}. 
The image of x], • • (a by can be extended to Q Fa - By Proposition 12.241 and 
Proposition I2.25[ we can show that 1/u • x? v ■ <f> ■ Ca £ H-f a - 
Finally we shall check the condition f)2.5ip . One has 

uV±<p ■ ( A = --F A • • Ca, (2.56) 

du 11 

where is an element of the set {1, dFA/ds it j (i — 1, 2, 3. j — 1, . . . , — 1), OFa/Os^}. 
The image of Fa ■ (f> ■ Ca by r^ can be extended to £1 Fa since we have 

1 dF 

F A = EF A + ^:- Xt ^. (2.57) 
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By Proposition 12.241 and Proposition 12.251 we can show that — l/u - Fa - <$■ Ca ^'Hf a - The 
conditions (i), (ii) and (iii) follow from Proposition 12.271 □ 

2.5. Higher residue pairing. 

Definition 2.29. Define an 0M-bilinear form J a on Qp A by 

<pi<p 2 dxx A dx 2 A dx 3 



J Fa (oji,u 2 ) := - Res C 3 xM/M 
-1 



dF A dF A OF A 
dxi dx2 dx 3 
4>i 4>2 dxi A dx 2 A dx 3 



c 



dF A dF A dF A 
dxi dx2 dx3 



(2.56 



(2.59) 



(27r v /3 T) 3 

where U\ = [4>idx\ A dx 2 A dx 3 ] and u 2 = [4> 2 dxi A dx 2 A dx 3 ], C is the distinguished 
boundary of a polydisc containing all the critical points of Fa (see (3.3.7) and (3.3.8) of 



Proposition 2.30. The Om -bilinear form Jp A on Qf a is non- degenerate. 

Proof. This is a well-known fact. In our case, we can show this by a direct calculation: 

Lemma 2.31. We have 



Resca xM/M 



Res 



C 3 xM/M 



x\ ■ dx\ A dx 2 A dx 3 
dF A dF A 0F a 



1 • dxi A dx 2 A dx 3 

dF A dF A dF A 
dx\ dx 2 dx 3 

0, 2 = 1,2,3, j 



0. 



dx\ dx 2 dx 3 



(2.60a) 



(2.60b) 



and 



ReScs xM/M 



x\x 2 x 3 ■ dx\ A dx 2 A dx 3 
dF A dF A dF A 



dxi dx 2 dx 3 

Proof. Some elementary calculations of residues yield the statement. 
Now, the statement of Proposition 12.301 easily follows. 



(2.60c) 

□ 
□ 



Proposition 2.32. The pairing Jp A on Qp A induces a non- degenerate symmetric Ojj- 
bilinear form Jp A on Q Fa whose restriction to t* (Qf a ) — ^f a coincides with J Fa . 

Proof. Since the elements r^ ^^), r^(xl(A), r ^ {s~ a XiX 2 x 3 (a) form an C^basis of Qf a , 
it is clear from Lemma 12.311 □ 
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In order to define the higher residue pairing, we prepare a notation. For P = 
EiezPi ui e M ((u)), set P* := £ ieZ such that ( P *Y = P - 

Definition 2.33. An C^f-bilinear form 

K Fa : U Fa ® 0u U Fa -> O m ((u)) (2.61) 

is called the higher residue pairing if it satisfies the following properties: 

(i) For all coi,lo 2 € "%Fa> 

tf^Kafc) = (-l) 3 ^F A (^ 2 ,^i)*. (Kl) 

(ii) For all P G M ((w)) and u u uj 2 G "Hp, 

^f a (wi,w 2 ) = K Fa {Pu} U u}2) = K Fa {^P*u 2 ). (K2) 

(iii) For all Wi,^ G 

^K^eu'OjfH]. (K3) 

(iv) The following diagram is commutative: 

K FA -.nP A xnP A — > u 3 o M [[u}) 

mod u a O m \\u}} 

J Fa : VL Fa x ► m 3 C m . 

(v) For all u 2 G "Hf and 5 G 7m, 

5Kf a (wi,w 2 ) = K Fa (V 5 ui,u 2 ) + K Fa (u)i,Vsu} 2 ). (K4) 

(vi) For all lOi,uj 2 G T^f, 

u-^-K Fa (ui,uj 2 ) = K FA (uVd_ui,U2) + KpAuix.uV a.u 2 ). (K5) 

(k) 

Definition 2.34. Define K F for k G Z by the coefficient of the expansion of K Fa in w 

K Fa ( Wi ,u; 2 ) := J2 K Fl(^^)u k+3 , (2.62) 

fcez 

and call it the fc-th higher residue pairing. 

Remark 2.35. In the paper [19] . there were errors concerning to the signs in (1K1I) and 
( 1K5|) . We fix them here. 



Proposition 2.36. There exists a unique higher residue pairing K Fa . 

Proof. Since Fa is tame at any point on the deformation space M, namely, there are 
no critical points coming from infinity. Therefore, the statement follows from the same 
argument in Theorem 2.14 and Remark 2.15 in [3]. □ 
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We shall consider the extension Kp A of Kp A on l-ip A . 



Proposition 2.37. The pairing Kp A on Hp A induces an Ojj-bilinear /< 

K Fa : uf A ®o w uf A — ► u 3 O w [[u}} (2.63) 
whose restriction to i* (j^p]^ — "H^j coincides with Kp A . 

Proof. This follows from Lemma 3.4 of [8], where M, M, M^, Hp\ Kp A , T-Lp A correspond 
to X, Y, D, H, P, iJ 7 in [SJ, respectively. □ 

2.6. Primitive form. 

Definition 2.38. An element ( G T(M, Hp)) is called a primitive form for the tuple 
("Hjr], V, Kp A ) if it satisfies following five conditions; 

(i) wV e C = C an d C induces (^M-isomorphism: 

oo oo 

Tm[N^^, ^4 M fe ^^ M fc («V 5fc C). (Pi) 

k=0 k=0 

(ii) We have 

Kp^uVsC, uVs'C) G C • m 3 , for all 5, 5' G 7m. (P2) 

(iii) There exists r G C such that 

V u * +E C = rC (P3) 

(iv) There exists a connection V : 7m x 7m — > 7m such that 

uVsVg'C = VsoS'C + uV^ sSI (, 5, 5' G 7m- (P4) 

(v) There exists an C M -endomorphism N : 7m — ► 7m such that 

uS/a. {uVsO = -VeosC + uV NS C, 5 G 7m- (P5) 

du 

In particular, the constant r of (P3) is called the minimal exponent. 

3. Main Theorem 

Theorem 3.1. The element (a '■= [ s ~^\dxi A dx 2 A dx 3 ] G Hp is a primitive form for the 
tuple (Tipl, V, Kp A ) with the minimal exponent r — 1. 

Once we have a primitive form (a, we obtain a Frobenius structure on M by the 
general theory developed by K. Saito. 



orm 
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Corollary 3.2. The primitive form (a determines a Frobenius structure of rank ha an d 
dimension one on the deformation space M of the universal unfolding of f a- More pre- 
cisely, the non- degenerate symmetric bilinear form T] on Tm defined by 

tj(6,6') := K®(uV s Ca,uV s ,0 = J FA (r {0) {uVs(A),r (0) (uVs< A )) , 6,5' e T M , (3.1) 

together with the product o on T~m, the primitive vector field e G T(M,Tm) and the Euler 
vector field E G T(M,Tm) define a Frobenius structure on M of rank \ia and dimension 
one. 

Proof. This is a direct consequence of Theorem 7.5 of [19]. □ 

Definition 3.3. For simplicity, we shall denote by Mf A ^ A the deformation space M 
together with the Frobenius structure on M obtained in Corollary 13.21 and call it the 

Frobenius manifold constructed from the pair (/a,Ca)- 

For a proof of Theorem 13.1} we first give some useful lemmas. 
Lemma 3.4. For 5 G 7m such that [5, E] = 15 for some I G Q, we have 

V uJL+e (uVsCa) = (2 - I) ■ uVsCa, (3.2) 
In particular, we have the following equations: 

V u _d_+£; OV e C0 = 1 ■ MV e Ci, (3.3a) 

du 

V njL+B ( «Va_Ci J = ( 1 + - J • «V a (a, 1 = 1,2,3, j = l,...,a<-l. (3.3b) 

uV s _j^(a) = 2 ■ uV s _j^( A . (3.3c) 



du 1 



Proof. Note that 



(ud + dFA) ( —d%2 A dx3 -dxi A dx^ H — -dx± A dx2 

a\ ci2 a$ 



u 



3 1 A 3 ^ 1 Qp 1 

— ) + > — Xi— — > dx\ A dx 2 A dx s 



&£ J , a^ dxi 
i=i / i=i 
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For 5 G 71/ such that [S, E] = 15 for some I G Q, one has 

du 

= ^u±+E [{ S ( F a)s~^ + uS ( S ^) dx ^ A rfx 2 A cfe 3 ] 

—F A 5{F A )s-\ - F A 5{s-D + u5(s~l) | dx x A cfe 2 A dx 3 



+ 



^F A (5(i^)^ + + E{5{F A )8-\ + w<J(s;]))| tfei A dx 2 A dx 3 

i(£F A - F A )8(F A )8-\ + S5(Fa)s^ + 6{F A )E(s-D^ dxx A rfx 2 A cfe 3 
+ [{(EF A - F A )S(s-l) + uESis'l) + uS(s~l)} dx x A dx 2 A cb 3 ] 

u ■ -(— H 1 ) + (1 - - Xa \ 5(F A )s~]dxx A dx 2 A dx 3 

u ai a 2 a 3 J ^ A 



+ 



w( 1 1 ) — uxa —ul + u\ 5(s ])dxi A dx 2 A dx 3 

a\ a 2 a 3 1 1 



= (2 - • uVsCa- 

Therefore we have Lemma 13.41 □ 

Lemma 3.5. Let 61,82, 5 3 be elements o/7m satisfying [Si,E] = USi, i = 1,2,3 for some 
Wihih £ Q- Then, we have 

deg (Kf A (u 2 V Si Vs 2 Ca,uV S3 Ca)) = 2 - h - l 2 - l 3 - k, k G Z. (3.4) 
Proof. The equations (IK4I) and (1K5|) yields 

+ Ej K Fa (u 2 V 5l Vs 2 U,uV S3 U) 
= K Fa [Vd +e {uVs 1 {uV5 2 ( a )),uVs 3 (a) + k f a (u 2 V Sl Vs 2 (A,V u d +E {uVs 3 C 

\ du / \ du 

By the integrability of the Gaufi-Manin connection, we have 

V u d_ +E , uV Sl = (1 - k)uV 5l . 

du J 

The statement now easily follows from the definition of Kp A and Lemma [3.41 
3.1. Condition (i). Condition (i) is satisfied since for all 5 G Tm we have 

mV ' s[s~ A dx\ A dx 2 A dx 3 ] = [(5F + ws MA <5(s~])) s~^dx\ A dx 2 A cfe 3 ] . (3.5) 



□ 
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3.2. Condition (ii). It is enough to show the following: 

Lemma 3.6. Let 61,62 be elements of the set of vector fields 

f _d_ _d_ _d_ d d \ 

\ dsx ' ds 1A ' " ' ' dsij ' " " ' ds 3ia3 -i ' ^ds^j' 

Then, for all k>l, K f * a ) (uVs 1 (a,uVs 2 (a) = 0. 
Proof. By Lemma [3.51 we have 

deg (kP a (uV 5i Ca, uV S2 Ca)) =l-h-h-k, keZ. 

Therefore, deg (uVs^a, u ^s 2 Ca) j is zero if 6\ = 6 2 = s^-^—, k = 1 and is negative 

otherwise. If the degree is negative, then since Kp} (mV^Ca, uVs 2 (a) G Ojj by Proposi- 
tion I2.37[ it must be zero. Since the first higher residue pairing Kp is skew-symmetric 
by the equation flKll) . we have 

□ 

3.3. Condition (iii). This is already proven in Lemma [3.41 

3.4. Condition (iv). We shall prepare the following useful lemma to check Condition 
(iv): 

Lemma 3.7. Under the conditions (IPip and (lP2p . the following two conditions are equiv- 
alent for 61,62 G 7m : 

(i) The equation (IP4I) holds. 

(ii) For all 6 3 G T M and k>2, K ( F k }{u 2 V Sl V s 2 (a, uV s.Ca) = 0. 

Proof, (i) =>- (ii). It immediately follows from Lemma [3. 6 1 

(ii) (i). Recall that the (uV s (a, uV s <a) = Jf a {t (0) (uV s (a) .^(uVKa)) 



by (IK3f) . Since Jp A is non-degenerate, the conditions (IPip and (1P2H yield the statement. 

□ 

By Lemma 13.71 it is enough to show the following: 

Lemma 3.8. Let 61,62,63 be elements of the set of vector fields 

d d d d d 



ds 1 'ds 1 y->ds i /--->ds 3ja3 ^ S > lA ds 



Then, Kp A (u 2 \7 ^ V s 2 (a, uVs 3 (a) = for all 61,62,63 G Tm and k > 2 except for one case 
when 8i = 5 2 = 6 3 = s flA -^— > k = 2. 



t*A 
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Proof. By Lemma EH for all k > 2, deg (k^ (u 2 V Si Vs 2 (a, uV« 8 Ca)) = if S x = 8 2 = 
; - 9 -, k = 2 and is negative otherwise. If the degree is negative, then since 



»A ds u 



KfI {u 2 V s 1 Vs 2 Ca, uVs 3 Ca) £ Ojj by Proposition I2.37[ it must be zero. 



If 8 X 



'VA ds 



PA 



and k = 2, id 2) (u 2 V q a V, 



ma al 



''A 



MA Ss 



''/I 



is a constant. Then we only have to calculate this value along the submanifold {s = 0}. 



By Lemma E31 one has V U j_ +E I uV s a Ca 



MA ~ds 



MA 



2wV 



*t*A ds 



Ca- This implies 



I' A 



XaV ; 



MA di 



''A 



"MA S 



MA 



uV _^_Ca =2mV _^_Ca - y u A. uV _a_C,A 



MA 



ma a~ 



MA 



V 



B-Xas 



MA ds 



I' A 



3 MA S 



S MA 



Then, by 7^ and Lemma [3.61 one has 



Kf\ ( u 2 V. 



Xa,u^ s „ . (a 



MA ds 



Xa 



MA Ss Mj4 "MA 



s=0 



MA Ss 



MA 



MA Ss 



MA 



s=0 



— K 



- — K f\ ( «X< ( «V,„ a a ) ,«v, 



ma 



ma a; 



_e_t,A 

MA 



s=0 



Xa 



(0) 
i-A 



s ma sjt; 



Ca ,mV _jj_Ca 

' MA 8s MA 3 



s=0 



By the symmetry of and the equation (IK5I) . one also has 



if 



(0) 



^Ca ,«v f 



.Ca 



+45 ( «V S 



Ca, V u jl mV s _^_Ca 



2 FA \ MA Bl 



.Ca,«V„ a Ca 



MA 



ma a» 



MA 



Therefore we have Lemma 13.81 



□ 



3.5. Condition (v). Under the Condition (iv), it is easy to see that Condition (v) follows 
from Lemma 13.41 



4. Mirror Symmetry 



From now on, we shall denote by J r f A ,( A the Frobenius potential for the Frobenius 
structure on M constructed from the pair (/U,Ca) in Corollary 13.21 
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Theorem 4.1. For the Frobenius manifold Mf A ^ A constructed from the pair (/a, CO? 
there exists flat coordinates t\, ti t i, . . . , i3 j03 -i, t^ A satisfying the following conditions: 

(i) The unit vector field e and the Euler vector field E are given by 

dr\ 3 &i 1 . r\ r\ 

(ii) The non- degenerate symmetric bilinear form n on Tm defined by 

r)(6,6') := kP a (uV s (a,uVs<), 5,5' e T M , (4.1) 

satisfies 

fd_ _d_\ _ f d _d_\ _ 



7/ 



d d \ _ I h = i 2 and j 2 = a h - j u 
>^»u'i dtiij-z) lo otherwise. 

(iii) The Frobenius potential J-f A ^ A satisfies ET f A £ A \ tx =§ = 2J r / A ,£ A |t 1 =o, 

? fA,alt 1= G ^ [*1,1> • • • )*l,oi-l,*2,l, • • -,^2,02-1^3,1, • • • ,^3,a 3 -l,e* MA ] • 

(iv) Assume the condition (iii). The restriction of the Frobenius potential J-f A ,^ A to 
the submanifold {t\ = e* M ^ = 0} is given as 

v t , \ t - a {1) + g {2) + a {3) 
• r /A,fAit 1=e i ' i A=o - y ^y ^y , 

where 0« G Cfoi, . . . , t i)0i _i], i = 1,2,3. 

(v) Assume the condition (iii). Jn the frame 5^7, — -> °!7~m, the 
product o can &e extended to the limit t\ = t^i = ■ ■ ■ = £3^3-1 = e*^ = 0. TTie 
C-algebra obtained in this limit is isomorphic to 

C[xi,x 2 ,x 3 ] /(xix 2 ,x 2 xs,xsXi,a 1 x'l 1 - a 2 x a 2 2 ,a 2 x a 2 2 - a z xf ) , 

where d/dt^i,d/dt 2 ^,d/dtz,i are mapped to x\,x 2 ,xz, respectively. 

(vi) The term 

e' M ^ i/ ai = a 2 = a 3 = 1, 

^3,ie' M ^ i/ 1 = ai = a 2 < a 3 , 

^2,i*3,ie*^ i/ 1 = ai < a 2 , 

^i,i*2,i*3,ie*^ «/ ai = 2, 
occurs with the coeffcient 1 m J~f A ,c, A - 

We shall check all conditions in the above theorem. 
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4.1. Condition (i). 



Lemma 4.2. We have 



K^(( A ,uVe( A ) = 0, kP a (( a ,uV a Ca)=0, z = l,2,3,j = l,...,a i -l J (4.2) 



anc? 



42(CA,«V. a Ca) = 1. 



Proof. The statement follows from Lemma I2.31L 
Lemma 4.3. TTie one /orm G T(M, fij^-) defined by 



(4.3) 
□ 



3 Oi— 1 



+ E E 4!(a,«v.a)<isy + ^(a,«v. a)^, (4.4) 

1=1 J = l 

zs a closed form which is independent from the choice of coordinates on M. Moreover, 
there exists a flat coordinate t such that 9 = dt. 



Proof. See section 3.3 3) of [IB] 



□ 



Combining these two Lemmas, we have dt = ds flA /s flA . Therefore, we can choose 
tfi A '■= log s^ A as a flat coordinate. Since (a, ^ICa^ — 1, 2, 3, j = 1, . . . , a — 1), s~^XiX 2 x 3 (a 



form a C[[tt]]-basis of Hp. at (0,0) G M, by Lemma I3.4[ one can choose other flat 
coordinates ti, . . . , £3,03-1 such that 



t l|(s, SMA )=(0,0) - t l,ll(s, SMA )=(0,0) 

together with the following normalization; 



t 3,a 3 -l|( SiSflA ) = ( ,0) - 



dsi 

dt 



dt! 



1,3 



ds! 



(s,s M ,)=(O,0) 



(s,s M ,)=(0,0) 



dsi 



0. 



i,3 



(s,a MA )=(0,0) 



ds 



(4.5a) 



dsi'j> 



ds 



(s,s MA )=(O,0) 

dU-i 



0. 



(4.5b) 



(s,s M ,)=(O,0) 



(s, Sm4 )=(0,0) 

where Sw and d>jy are Kronecker's deltas. In particular, the flat coordinates ti, tiA, 
<3,a3-i> W satisfy 

3 Oi— 1 

a i ~ J 



d ^ d \ - v— ^ 

i=i j=i 



a i~ 3 , d d 

ti n— h XA" 



0>i dtij 



'dt 



I' A 



which is the condition (V). 



PRIMITIVE FORMS FOR AFFINE CUSP POLYNOMIALS 21 

4.2. Condition (ii). 
Lemma 4.4. We have 

#S(Ca,«V b Ca) = 0, ifg(Cx,«V a Ca) = 0, z = l,2,3,j = l,...,a i -l, (4.6) 



and 



Proof. By Lemma [4. 3l we have 



K®(U,v>Vb_Ca) = 1. 

dtuA 



(4.7) 



3 Oj-l 



a* i ' * ' * at^ j ^ t f j -A 

i=l j=l 



The statement follows. 



□ 



Note that the pairings to consider are constant since we are dealing with flat coor- 
dinates. Therefore, we can evaluate them at (0, 0) £ M. Moreover, by the normaliza- 
tion (|4.5p . we have 



lim Kf A («V_a_C4,uV_i_CAj 



s=0 



Kp I ttV 8 ^,«V a l4 



Kf A (uV 



(s,s M ,)=(0,0) 



(s,s M ,)=(0,0) 



hm Kf A (uV a ( A ,uV a Ca) 
lim Kf A (ca,uV 



s=0 



8 o 8 (,4 



The statement follows from Lemma I2.7I 



4.3. Condition (iii). Note that we have an C^-isomorphism 



l<i<3, iJ 
l<J<Oj-l 



9* 



(4.t 



The condition (iii) follows from this together with Proposition I2.9I and the fact that all 
flat coordinates have positive degrees. 
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4.4. Condition (iv). Recall that the ideal in the equation (I2.9p restricted to is given 
by 

(x 2 x 3 , x 3 xx, x x x 2 , Hi{x, s), if 2 (x, s)) , 

where 



aj— 1 

ffi(x, s) := a^xf - a i+1 x^ + ^ j ■ 
In particular, we have 

d d 



^ J " s i+i,j ' ^+1) i — 1, 2. 



i=i 



»7 



' dsi'ji 



0, if i ^ i'. 



(4.9) 



Note that the connection V/ on 7m in (IP4I) is the Levi-Civita connection with respect 
to r\ (see Proposition 7.9 and Proposition 7.16 of [19J ) and that tij is the solution of the 

system 



V/*dti , = 0, t. 



dt 



h3 



dsi 



H3 u > "»JI(b,« ma )=(O,0) 

= 0, 1,3 



(s,s M ,)=(0,Q) 



dsi'ji 



0. 



(s,s M ,)=(O,0) 



l-IA 



(s,s MA )=(O,0) 



where X7* is a connection on H M dual to V/ . Therefore, by (14. 9p . we have 

dti 



"1,3 



dsi'j' 



0, if i ^ i. 



(4.10) 



The third derivatives of the Frobenius potential with respect to flat coordinates are 
given by residues. For example, we have 

dF A dF A dF A 



d 3 F 



Sa,Ca 



dt- dt- dt- ■ 



C 3 xM/M 



dt- ■ dt- ■ dt ■ 

UL tl,3l Ul i2,32 Ub n,3'i 

dF A dF A dF A 



dx\ A dx2 A dx 3 



(4.11) 



dxi dx 2 dx 3 

Therefore, by using the above description of the ideal, the normalization (14. 5 p and (I4.10p . 
we can show that 



lim 



e *MA^o dt il j 1 ■ ■ ■ dt in j r 
by induction on n. 



7^ only if i± 



tl=tl ,l=---=ts ac ,_l=0 



4.5. Condition (v). Taking into account the normalization (14. 5p . the condition (v) easily 
follows from Lemma 12.71 
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4.6. Condition (vi). Note that the coefficient of the term e*^ (if Cii — Gt 2 — O3 — 1 ), 

t 3>1 e^A (if l = ai = a 2 < a 3 ), t 2 ,it 3 ,ie'"- 4 (if 1 = ai < a 2 ), ti.iivfyie*'* ( if a i > 2 ) is g iven 
by the limit 



lim 



e M ^ 



h=0. 



lim 



e "-4 



fA&A 



lim 

e^A _>0 



e ^ . 



=*3,ao-l=0 



dt llA dt 2A dt 3A 



tl=*2,l = 



lim 



e ^ 



/a,Ca 



dti tl dt 2;1 dt 



3,1 




=<3,ao-l=0 



ai < a 2 , 



if ai > 2. 



*1— *3,a3— 1— Oy 

Since the third derivatives of the Frobenius potential with respect to flat coordinates are 
given by residues of the form (14. lip , it is easy to see that the above limits are always 
reduced to the following limit 



lim 



X\X2X 3 dx\ A dx2 A dx% 
dF A dF A dF A 
dx\ 0x2 dx% 



\ 



s=0 



by using the relations in p*Oc and the normalization ( 14. 5p . which is one. 

4.7. Mirror isomorphism. This theorem enables us to simplify the proofs given by 
Milanov-Tseng [TT] and Rossi 



Corollary 4.5. There exists an isomorphism of Frobenius manifolds between the one 
constructed from the Gromov-Witten theory for ¥\ and the one constructed from the pair 
UaXa). 

5. Another proof of our main theorem 

Denote by (r] A , °a, £a, E a ) the Frobenius structure for a triplet of positive integers 
A = (ai,a 2 ,a 3 ) with xa > uniquely determined by Theorem 3.1 of [9]. In particular, 
we shall denote by (t,t M J := t 2 , ■ ■ ■ , t^-i, t^ A ) := (h, t 1A , ■ ■ ■ , *3,a 3 -i, W) tne flat 
coordinates on M and also denote by <9; the basis of 7m corresponding to the coordinate 
ti for simplicity. 

In this section, we shall show the way to determine not only the Frobenius struc- 
ture (r], o, e, E) on M constructed from the pair (f A , (a) but also the primitive form £ A 
itself from the Frobenius structure (rj A , o A , e A , E A ). It is very important to note that the 
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Frobenius potential Ta for (rjA, °a, &a, Ea) is isomorphic to the one on M constructed 
from the Gromov-Witten theory of the orbifold F A . 

5.1. Key lemma. We can determine a primitive form by the following Lemma, which is 
essentially Lemma 3.3 of [15] . 

Lemma 5.1. Suppose that there exists a local coordinates (ti, • • • ,£3,03-1,^4) on M 
and an element £ 6 r(M, Tip]) satisfying the following properties: 

(i) The unit vector field e and the Euler vector field E are given by 

dr\ 3 CI i 1 . r\ r\ 

J? + 5 ,\^\^ ai ~^ + 9 , 9 



Oh ' dti at ' dt id dt^ A ' 

(ii) ( satisfies 

nV e C = C, V u <l +e C = C 

du 

(hi) VFe Ziave an O M^u\\-isomorphism 

1 dt-\ ^J-^ c3t 7 - ,,■ dtp a 

l<i<3, 
l<j<Oi-l 



(iv) Let V fee t/ie C-vector space given by 



dti ^ dti j dt u , 

l<J<ai-l 

^(^CuV^eC, /or a// ^^V. 

(v) VKe /iave 

uV^V^C = V5 l0 5 2 C, /or all 5i,8 2 eV. 
Then, the Om -bilinear form 

K' Fa : U Fa ® Qm U Fa — * M ((«)) (5.1) 

defined by 

K> FA {u^ +1 V 6l Cy 2+l Vs 2 C) ■= {-l) i2 -Kf A (uV Sl C,uVs 2 0-u^ +3 } 5 l: 5 2 G 7m, (5.2) 

coincides with Kp A . In particular, ( is a primitive form for the tuple (Tip , V, i^x) with 
the minimal exponent r = 1 . 
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Proof. The pairing K' F obviously satisfies the same conditions (IKlj) . (1K2j) . ( 1K3j) as the 
higher residue pairing i^^ A does. We can easily show by a direct calculation that the 
conditions (iv) and (v) imply the condition ( 1K4I) for K' F . We have 

V ujL+E UV a ( ) = ( - + 1 J • «Va(, Z = 1, 2, 3, j = 1, . . . , at - 1, 

V u , +E (uV a C) =2-«Va(, 

which implies the condition (1F ) 5[) for (. By using this, we can also show the condition f]K5|) 
for ^V,- Therefore, by the uniquness of the higher residue pairings in Proposition I2.36[ 
we have K' F = K Fa . 

C obviously satisfies the conditions (IPlj) . (1F*3|) and flP4j) by the assumption. Since 

K Fa (uV 5i C,uV 52 C) = K' Fa (uV Si C,uV 52 := Kfl (uV 5l (,uV 52 () ■ u 3 , 5 1 ,5 2 e 7m j 
C also satisfies the condition (IP2j) . The statement follows. □ 



5.2. Prom the Probenius potential Ta to the primitive form ( A . In our case, the 

conditions for £ = £ A in Lemma 15.11 can be reduced to the assumption in the following 
lemma: 

Lemma 5.2. Assume that we have a homogeneous change of coordinates (t, e*^) 1— >■ 
(s,s w ) = (s(t,e'"A),e*M) on M, 

E A s 1 (t,e t ^)= Sl (t,e t ^), (5.3a) 
SASo-(t,e t ^)=^^s <J (t,e t ^), i= 1,2,3, j = l,...,j = a* - 1, (5.3b) 
sttc/i i/iai t/iere exzsi functions 

0^.(x;t,e^),^a(x;t,e*^) e T(M, C A /)[xi, x 2 , x 3 ], a = 1,2,3, i,j = l,...,fi A 
satisfying the following equations: 
<9F4(x;s(t,e*"A), e *"A) dF A (x; s(t, e***), e 4 ^) g ^ fc dF A (x; s(t, e*^), e ; 

fe=i 



E^ix:.V-0.^' (X: ^'^ y ^. (5.4a) 

a=l a 
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d 2 F A {x.; s(t, e*^), e*^) 9F^(x; s(t, e*^), e*^) 



dtidtj " J "" dtj 



aF A (x;s(t,e^), e ^) * ^(x;t,eW; 



a=l 



^ ■ *,„ ■ £ «x; t, ^ ) • ggife^l)^) , (5 . 4b) 

a=l a 



a=l 



w/iere (77^) := (r] A (d h dj)) 1 and = '^2r] lk did i d j J r A . 

1=1 

Then, we have e = e A , E — E A , where e and E are the primitive vector field and 
the Euler vector field defined in Definition \2.1CK and we have the equations 

MA 

uV b V a (a = Vcf-V a Ca, i,j = l,-..,/iA- 
fc=l 

In particular, the product o A on Tm coincides with the product o on Tm defined in Defi- 
nition lK^i 

Proof. Note that the degrees of t\, . . . ,^ A -i and e* M ^ are all positive since we assume 
Xa > 0. Therefore, the homogeneity (15.31) implies that 

dO 3 O, i 1 . r\ r\ 

e + a %— 3 o ^_ <j 

Hence, we have e = e A and E = E A . 

Based on the definition of the Gaufi-Manin connection V, one can show that the 

equation tsV^V^Ci — C^Vq^a is satisfied if and only if 

fe=i 

1-1 



diF A djF A - C^d k F A e~ t ^dx 1 A dx 2 A dx 3 



k=l 

+ u [(didjF A + rjij - 5i^djF A - 6 jli d i F A )e~ t ^d Xl A dx 2 A dx 3 ] 

+ u 2 [5 ifl 5 jll e~ tf '^dx 1 A dx 2 A dx 3 ] = 0. (5.5) 
The rest is straightforward. □ 

In our case, Lemma 15721 also enables us to compare r] A and 77 defined in Corollary 13. 21 
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Lemma 5.3. Suppose that Lemma \5.2\ holds. Then, we have the equation 



MA 

Proof. It is easy to calculate that Kp A (uV qXa> uV q^Ca) = C^Kp^ (CajUVq^a)- We 

fc=i 

can check that Kp A ((a, ^V^Ca) = if k ^ /Ia and Kp^ ((a, uVq Ca) = 1 by Lemma H~2l 
and by the first statement of Lemma 14.31 □ 

The functions 0, if) and the homgenous change of coordinates in Lemma 15.21 should 
exist for any type A with xa > due to the existence of the primitive form by Theorem 13. 11 

We would, conversely, reconstruct the primitive form from the Gromov-Witten potential 

pi 

J-" Q A via the existence of them. Indeed, for a given A, they can be figured out by hand. 
We hope to give a proof of the existence of them for any A with xa > elsewhere in the 
near future. 

In the present paper, we shall consider particular cases by giving all data explicitly 
in Appendix: 

Theorem 5.4. Let A be one of (2,3,3), (2,3,4), (2,3,5). Then, the assumption in 
Lemma \5. 6 A is satisfied. Therefore, it turns out that Ca = [e~*''A dx\ A dx 2 A dx 3 ] G 'Hp. is 
a primitive form for the tuple (Tip., V, Kp A ) with the minimal exponent r — 1. 

Appendix A. Data for the proof of Theorem 15.41 
A.l. Frobenius potential for A = (2,3,3). 

-^"(2,3,3) (*1> *1,1 1 *2,1 , t 2 ,2> *3,li *3,2, t^ A ) 

_ tlHp A ( ti,i 2 ^2,1*2,2 <3,1*3,2 "\ 1 / 3 3 s ( *1,1 4 , 1 , 2, 2 , . 2, 2 \\ 

--2—+*!^— + 5 — + 3 J + (t2 ' 1 +* 3 ' 1 ) "V^ + ^ ( * 2 ' 1 t2 ' 2 +' 3 ' 1 t3 ' 2 } J 

+ (*2,1*2,2 4 + *3,lt3,2 4 ) " — — (<2,2 6 + *3,2 6 ) + e**A f tl,lt 2 ,lt 3 ,l + (t2,2 2 t3,l + *2,1*3,2 2 ) + -^1,1*2,2 2 *3,2 2 ) 

648 19440 \ o 00 / 

+ e 2t »A Qt M 2 t 2 ,2*3,2 + ^ (*2,2*3,1 2 + t2,l 2 *3,2) + ^ (t 2 ,lt2, 2 2 i3,2 + t2,2*3,lt3,2 2 ) + ^ (* 2 , 2 4 *3,2 + *2,2*3,2 4 ) J 
+ e 3 *"^ f + (t 2 ,l*2,2 + «3,lt3,2) + gtl.l (*2,2 3 + *1,1*3,2 3 )) 

+ e^A U lt3>1 + i (t 2 , 2 2 t 3 ,i + t 2 ,i*3,2 2 ) + ^5^) + e^A tlil t 2 , 2i3 , 2 + e 6t ^ ( ^! + I (t,^ + 

\ D 18 / \ 2 o / 
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Coordinate change for A = (2,3,3). 

si(t,e'*A) =tj - 2e 2t ^At 2 ,2H,2 -6e 3t »At 1A + 18e et »A , si,i(t, e f 'J ) = * M - 8e 3 W . 
* 2 

s 2 ,i(t,e f w) =t 2 j + -^1 _ 3e 2 W* 3 , 2 , s 2 ,2(t,e'«) = t 2 , 2 , 
6 

t 2 

S3,i(t,e'w) =* 3 ,i + -3e 2t "At 2 2: s 3 ,2(t,eW) =t 3 2 . 



for A = (2,3,3). 

^ =0, a = l,2,3,i = l,j = l,...,7. 

022 = 022 = 0, 0| 2 = 0. 023 = 0, 0l 3 = 0, 4>23 = ■ 



P24 



j.1 _2t 



e 2t »A (-2*3,2 - 3x 3 ), 4>li = -3e 3t "A , ^ = e W 

025 = 0, 025 = , 025 = 0. 

e 2t "A (-2*2,2 - 3x 2 ), 0^6 = e*"A ( ~ ^sj , 26 = -3e 3 *^ 



4 7 = e 2 W (-4*2,2*3,2 - 6*3,2X2 - 6*2,2X3 - 9x 2 x 3 ) + e 3 W (-9*1,1 - 12xi) + 72e 6 *f a , 
02> = eW ^~*3,l - ^ - 2*3,2^3 - 3x§^ - 3e 3 ^A* 2 ,2, <t% 7 = -xix 3 - 6e 3t "At 3i2 . 
033 = 0, 033 = 0: 033 = 0. 034 = 3e 3t ^A , 034 = y > 034 = 0. 
035 = " eW - 035 = 0, 0| 5 = 0. 036 = e^A (-^-- X3) , 036 = ~2e 2t ^A , </, 3 6 = . 
<t>\ 7 = -xiX2 + e 3t "A (-6*2,2 - 18x2), 0| 7 = e 2i ^ (-4t 3 , 2 - 6x3), <j>% 7 = e*»A (-*i,i - 2xi) - 4e 4i ^ . 
^ 4 = -ix 1 x 2 -2e 3 ^*2,2, 2 4 = f +e 2 W (_ f|i - 2x 3 ) , 0| 4 = e'-* (-'-f - ^) + 

<t>\ 5 = e^A (J2iL - X2 ) , 2 5 = 0, 4 5 = -2e 2t »A . 



046 = et " A ^-^*2,2*3,2 ~ i*3,2X2 - i*2,2X 3 - X 2 X 3 j - e^'Aiy - e 5 *^A , 
0l 6 = e 2 '- f-^ - -2) , 0| 6 = e 2 W f-H%i - x 3 



0l 7 = -i*2, 2x1x2 - xix 2 + e 2t ^A (-2*1,1*3,2 - 3*1,1x3 - 3xix 3 ) - 2e 3 W* 2 _ 2 + e 5t ^A (10* 3 ,2 +42x 3 ), 
047 = e 2 ^- 4 (-^*2,2*3,2 - 2*3,2X2 - 2t 2 , 2 x 3 j + e 3t ^A (-9ti,i - 6x1) + 36e 6 *^ , 
£47 = e *" A (-^*l,l*2,2 - |t2,2Xi - *i,ix 2 - 2xjX2 j + e 2t ^A ^-2*3,1 - + e 4t *A {^Y 1 + 14:r2 ) 

055 = 0, 0i 5 = 0, 0i 5 = 0. 0i 6 = 3e 3t f a , <^ 2 6 = 0, «^ 3 6 = —. 
cf,l 7 = -X1X3 + e 3t "A (-6*3,2 - 18x 3 ), 2 7 = e tf *A (-*i,i - 2xi) - 4e 4ifl A , 3 7 = e 2 '^A (-4*2,2 - 6x2). 
fa = -ixix 3 - 2e 3 '^*3, 2 , 0§ 6 = eW (-^1 - + §e 4 W , </, 3 6 = | + e 2t - (-l^M _ 2 x 2 ) 

06 7 = -i*3, 2x1x3 - x x x 2 + e 2t ^A (-2*1,1*2,2 - 3ti,ix 2 - 3xiX 2 ) - 2e 3 W * 2 2 + e 5 *f a (10t 2 , 2 +42x 2 ), 
^-i*l,l*3,2 - ^* 3 ,2Xi - *i,ix 3 - 2x!X 3 j + e 2t "A ^-2* 2 ,i - ^ \ + e 4t f a (^y^ + Wx:i ) 
067 = e2iMA ^-^*2,2*3,2 - 2*3,2x2 - 2t 2 ,2X 3 j + e 3t "A (-9ti,i - 6x1) + 36e 6 *f a . 



j.2 t 



e f a 
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077 = — e t ^A x \x2X? > + e 2t ^A (—4*1,1*2,2*3,2 — 6*1,1*3,2212 — 12*3, 2X1X2 — 6*1,1*2,2X3 
-12*2,2^1^3 - 9*1,12:2x3 - 54xix 2 x 3 ) + e 3t *A (-9t 2 ^ + 2At\ 2 x 2 + 72*2,2^ 
+54x1 + 24* 2 , 2 x 3 + 72*3, 2 x§ + 54x|) + e 5 *^ (8*2,2*3,2 + 120* 3 ,2X 2 + 120*2, 2x3 
+ 180x2x3) + e 6t "A (252*i,i + 288xi) - 1440e 9t "A , 

077 =e* A '- 4 f — *1, 1*3,1 ~ 77*1,1*3 2 ~ 2*3, 1X1 - \t% 2 Xi - 2*1,1*3,2X3 - 4*3.2X1X3 
V o 3 ' 

- 3ti, ix§ - 6xix§j + e 2 *^ ^-4*2,1*3,2 - |*1, 2 *3,2 - 6*2,1x3 - *|, 2 x 3 

+ 12*2,2X2X3 + 18x|x 3 ^ + e 3 *"A (-21*1,1*2,2 - 18*2,2X1 - 18*1,1X 2 ) 

/ 10*2 \ 

+ e 4 '"4 ( -52*3,1 + —^2. _ 14*3,2x3 - 48x| j + e 6 W (204* 2 , 2 + 144x 2 ), 

077 = - *l, 1X1X3 - 2x 2 X 3 + e 2t ^A ^-4*2,2*3,1 - ^*2,2*|,2 ~ 6*3, lX 2 - t|, 2 ^2 

+ 12*3,2X 2 x 3 + 18x 2 x|j + e 3t "-A (-24*1,1*3,2 - 24* 3 , 2 X! - 18*i,ix 3 - 52xix 3 ) 
+ e 4t "A (I2t| 2 + 90*2,2X2 + 108x2.) + e 6 W (48* 3 , 2 + 144x 3 ). 



A.4. i) for A = (2,3,3). 

ij, 1 = Xl + 18e 3t ^A , </, 2 = 0, i/> 3 = 0. 



30 YOSHIHISA ISHIBASHI, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI 

A. 5. Frobenius potential for A = (2,3,4). 

•^"(2,3,4) (*1, *1,1,*2,1, *2,2,*3,1, *3,2, *3,3,*ma ) 

*1 2 *MA , t /*1,1 2 , *2,1*2,2 , *3,2 2 , *3,1*3, 3 \ , /*2,1 3 , *3,1 2 *3, 2 \ 
= —^ +tl {— + ^^ + — + ^-) + {— + ^^J 

, / *1,1 4 *2,1 2 *2,2 2 *3,2 4 1 , 2, *3,1 2 *3,3 2 \ , /*2,1*2, 2 4 , *3,2 3 *3, 3 2 , 1 t t 3 \ 

+ ■ ■ £3 1*3 2 £3 3 I + *3 1*3 2*3 3 I 

V 96 36 192 32 ' ' ' 64 J \ 648 384 384 ' ' ' / 

, / *2,2 6 *3,2 2 *3,3 4 *3,1*3,3 5 ^ , *3,2*3,3 6 *3,3 8 , t _ /, , , ,1,2, , 1 , , , 
+ : H he ^ *1 1*2 1*3 1 H *1 1*2 2 13 H *l 112 1*3 2*3 3 

V 19440 3072 30720 J 73728 4128768 \ ' ' ' 6 ' ' ' 4 ' ' ' ' 

1 2 1 3 1 2 3^ 2t *2 2*3 l 2 *2 1 2 *3 2 1 2 
+ — *1,1*2,2 *3,2*3,3 + —*1, 1*2, 1*3,3 + 7777*1,1*2,2 *3,3 + e MA 7 1 h ~*1,1 *2,2*3.2 

24 96 576 / \ 2 2 2 

1 2 *2 2 4 *3 2 1 *2 1 2 *3 3 2 1 2 2 1 2 2 *2 2 4 *3 3 2 
+ -*2,1*2,2 *3,2 H ' h -*2,2*3,1*3,2*3,3 H 1 — — ' h *2,2*3,3 + 777*2, 1*2, 2 *3,3 H ' ' 

(2 4 8 8 24 288 

1 9 9 1 q 1 A *2 2*3 3 6 \ 3t / *11 3 *3 3 
+ — *2,2*3,2 2 *3,3 2 + — *2,2*3,1*3,3 3 + — *2,2*3,2*3,3 4 + ^ ^ J + e 3 '^ (*l, 1*3,1*3,2 + ' ' 

1 3 1 2 1 2 7 3 *1 1*3 3 5 \ 
+*1, 1*2, 1*2, 2*3, 3 + -*1,1*2,2 *3,3 + -*1, 1*3,2 *3,3 + T*l, 1*3. 1*3, 3 + 777*1,1*3,2*3,3 H 77—; 

6 4 4 96 384 / 

, -4t„. A 2, *2,1 2 *2,2 2t 1 , 1 2 t 2 ,2 2 *2,1*2,2 3 *2,2 5 *2,2 2 *3,2 2 1 2 . 

+ e fA lt 1:1 t 2 ,l H " 1 " 1 " h — — H h *2, 1*3,1*3,3 + 77*2,2 *3,1*3,3 

\ 21 o D f ^ 4 D 

1 2 1 2 2 *2 1*3 3 4 5<2 2 2 *3 3 4 \ ht ( 5 25 3^ 

+ 7*2,1*3,2*3,3 +7*2,2 *3,2*3,3 H 7777 1 77777 )+ e MA I *1, 1*2, 2*3,1 + 7*1,1*2,2*3,2*3,3 + 777*1,1*2.2*3,3 ) 

4 6 96 288 / \ 4 96 / 

I „6t u , ( *3,1 2 , *1,1 2 *3,2 *2,2 3 *3,2 *3,2 3 *3,1*3,2*3,3 , 5* M 2 * 3 ,3 2 1, 2 

+ e I — n 1 n h *2, 1*2, 2*3,2 H 1 1 1 h -*2, 1*2,2*3,3 

\ 2 2 664 84 

5*^!*^ 5* 3 ,2 2 * 3 ,3 2 13* 3 ,2*3,3 4 49*3^ / 7 \ 

24 32 96 384 18432 / \ ' ' ' 6 ' ' ' / 

M^ A ft2,l 2 ,, 2, , *2,1*2,2 2 5* 2 ,2 4 1, 2 *2,2*3, 3 4 ^ ^ A *M*M_^ 

_|_ e FA — h*l,l *2,2 H 1 — h -*2, 2*3, 2*3, 3 H l+ e I *1, 1*3, 2*3,3 H " I 

\ 2 6 36 2 8 / \ 4 / 

10W /(A 5*2^*3^^ 12W / *m! + *n! + *n! + iM*^! + 

1 11 e 24t ^A 
+ -e 14t KAt 2 2*3 3 2 + -e 16! ^i2 2 2 + -e 18 '"^i 3 3 2 H • 

2 4 6 24 

A. 6. Coordinate change for A = (2,3,4). 

si(t) =*i +e 2t *A (^-2*2,2*3,2 - i*2,2* 3 , 3 j -6e 3 '"^ti,it 3 ,3 - 12e 4t "At 21 
30*3,2 H ^ J + 52e 8 '^ t 2>2 - 702e 12t ^A , 



- e 6t f a 



si,i(t) =*i,i -8e 3 ^A*3 i3 , 

* 2 / 3* 2 \ 
S2,l(t) =*2,i + +e 2 W I -3*3,2 1^ j - 15e 4t ^A f 2 2 + 240e 8 W , s 2 , 2 (t) = t 2 ,2 - 27e 4 *f a , 



1 * 3 

S3,l(t) =*3,l + 7*3.2*3.3 + 7-t^ -3e 2t fAt 2i2 *3,3 - 8e 3t ^A t 1A + 45e 6 *f a * 3 3 , 
4 96 

* 2 

S3,2(t) =* 3 ,2 + -4e 2t fAt 2 2 +28e 6 ^A, S3 3 (t) = t 3j3 . 



A.7. for A = (2,3,4). 

=0, a = 1, 2,3,i = 1, j = 1, . . . , 



PI2 = y> 0l2 = 16e 4 *^ , ^ 3 2 = 0. cfla = 8e 4t »A , ^ = 0, ^ 3 3 = -e^A . 
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024 = e 2 '^ ^-2i 3 ,2 " " 3*3,3^3 " 4x§ J + ^ W (^p " 4x 2 ) + 40e 8 W , 

0| 4 = e 3 '^ (-3*3,3 - 4x 3 ), 0| 4 = e^A - X2 \ + 7e 5 W . 

025 = 0, <t> 2 25 = -e^A , 03. = o. 
026 = e 2 ^- 4 (- 2 *2,2 - 3^2) + 30e 6 W , 0| 6 = e W - X3 ^ , ^ = _ 3e 3t^ > 

027 = e 2t *A (-t 2 ,2t 3 ,3 - ^3,3^2 - 2*2,2x3 - 3x 2 x 3 j + e 3t "A (-3ti,i - 4xi) + e 6t ^A (39*3,3 + 54x 3 ), 

j.2 i„, I *3,2 *3,3 1. 2| 3i u . . 7t u . .3 3t„ „ / 3 *3,3 \ 
027 = eMA l J gj" - 2 '3,3^3 - Z 3 I - e M " 4 *2,2+-e 1 027 ~~ ^ MA ( g 2x 3 I . 

028 =e 2t " A ^-4*2,2*3,2 - *2,2*|,3 - 6*3,2X2 - 7^*3, 3^2 - 6*2,2*3,3^3 ~ 9*3 i3 X2X 3 

- 8*2, 2 x| - 12x 2 x|j + e 3t fA (-9*1,1*3,3 - 12*3,3*1 - 12*i,ix 3 - I6X1X3) 

+ e 6t "A (84*3,2 + 93*3,3 + 294*3,3x3 + 264x1) + e 8 W (32t 2 ,2 + 48x 2 ) - 384e 12t ^A , 

028 = e * MA ^"*3,1 " 1*3,2*3,3 " " 2i 3,2X 3 - 1*3,3*3 " 3*3,3xi - 4x|^ 

- 3e 3t fA * 2 ,2*3,3 + e 4t ^A (-8*1,1 - 32xi) + e 7t ^A (209t 3 , 3 + 304x 3 ), 
028 = - x l x 3 + e 3t " A ^-6*3,2 - — p j + e5t " A ("4*2,2 + 12x 2 ) - 96e 9 W . 

033 = 0, 033 = 0: 033 = 0- 034 = (3*3,3 + 4x 3 ), 0§ 4 = y + 8e 4t "A , ^ = Q. 

035 = -e*^ , 0| 5 = 0, 0| 5 = 0. 36 = e«"A (-^ - a*) , 0ie = -2e 2t "A , 3 6 = 0. 
037 = - ^ - 1*3,3x3 - x§ j + e 3 *^A (-* 2 , 2 - 6x 2 ) + 63e 7t ^A , 

037 = e 2W (~*3,3 - 2x 3 ), 0| 7 = -4e 4 *"A . 
38 = -xiX2 + e 3 *f a (-6*2,2*3,3 - 18*3,3x2 - 8*2, 2x3 - 24x 2 x 3 ) + e rt "A (246t 3 ,3 + 264x 3 ), 
(f)f i8 = e 2 W (-4*3,2 - t§, 3 - 6*3,3x3 - 8x§) - 36e 4t ^A X2 + 416e st ^A , 
038 =e^A(-t 1A -2xi) -4e 4 ^At 3 ,3. 
044 = ~^X1X2 + e 3 W (-2*2,2*3,3 - ^*2,2X 3 j + e 7 *^A (18*3,3 + 24x 3 ), 

9 / , . 4.2 „ 9 \ 



X? ,* ^ 4 *3 2 *3 3 8x? \ A t 32 8i 

P44 = -f + e 2 ^A I M _ _|i _ 2*3,3x3 - ) - 4e 4 W x 2 + — > 



e°>A. 



045 = e^- 4 ("^ - ^) + 15e5 * A '- 4 . ^45 = 0. 0« = -2e 2t "A . 
046 = e'^- 4 (-^7*2,2*3,3 - 1*3,3X2 - 1*2, 2x3 - x 2 x 3 j - e 21 'A(y + e 5 *^A ^H^p- + 3x 3 j , 
0l 6 = e 2t -A (- 2 Jl± - + 6e ^A , 03 g = e 2* MA /^_*|3 _ ^ 

f/ 1 1 2 1 ia 1 1 1 2 2^ 

e ^A I -— *2 ,2*3,2 - — *2,2* 3 ,3 ~ J*3,2X 2 - -^h,3 x 2 ~ -*2, 2*3, 3^3 ~ -*3,3^2X 3 - -*2,2X 3 - X 2 X 3 J 

(-^*2,2 + *2,2X 2 j + e 5t »A (^j^- + + y*3,3Z3 + 23x| J + e 7t "A (-12*2,2 - 3x 2 ) + 31c 1 

1*2,2*3,3 - 1*3,3X2 - |*2,2X 3 j + e 3t "A (-3*i,i - 2xi) + e 6t ^A (15* 3 , 3 + 14x 3 ), 



+ e 3t f a 



4>l 7 = e 2t »A 



*L = P 2t 



.. = {-'-f ~ |f " 5*3,3X3 - *§) + e 4t - + 2x 2 ) - 18e 8 W . 

- -*2,2XlX 2 - + e 2t " A ( -2*1,1*3,2 - ~*1, 1*3,3 - 3*1,1*3,3X3 - 3*3,3X1X3 - 4*1,1X3 - 4xiX 2 

+ e 3 W ^-2*l i2 t3,3 - ^*l, 2 x 3 J + e 4 *^ (-8*1,1*2,2 - 12* M x 2 + 27xix 2 ) 
+ e 5t " A ^10*3,2*3,3 + - 24*3,2x3 + 36*§, 3 X3 + 56t 3 ,3X§ j 

+ e 7 W (56*2,2*3,3 + 36*3,3X2 + 160*2,2X3 + 48x2x3) + 280e 8t ^A f M + e 11 *^ (-1130* 3 , 3 - 1464x 3 ), 

2t ( 4 1 2 1 2 8 2^ 

S I --*2,2*3,2 - -*2,2*3, 3 - 2*3, 2 X 2 - -* 3 , 3 X2 - 2*2,2*3,3X3 - ~*2,2X 3 I 

+ e 3t fA (-9*1,1*3,3 - 6*3,3x1 - 12*1,1x3 - 8x1x3) + e 4t fA ^-8*2,1 - - 8*2,2x2 - 36x| j 

(84*3,2 + 57*1,3 + 210*3,3X3 + 216x§) + e8t " A y~ 88 g 2 ' 2 + 532x2 J - 1824e 12 *^ , 

1 2 \ 2t 1 *3s\ 
-*1,1*2,2 - -*2,2X1 - *l.lX2 - 2xiX2 + e ^ A I -2*3 1 - -*3,2*3.3 77- 

3 3 / ^ 2 48 y 

j*2,2*3,3 + 14*3,3X2 + 8*2,2X3 J + e 5 W (19*i,j + 54xj) + e m KA (-270*3,3 - 168x 3 ). 
4-ls = 0, <fh = 0, ^is = 0. <f>l e = 3e 3t ^A , 0§ 6 = 0, ^ 6 = 0. 

(f>l s = -xix 3 + e M "A ^-6*3,2 - —^1 - 18*3,3x3 - 24x§ j + e 5t "A (12* 2 , 2 - 36x 2 ) + 336e 9 '^ , 

<t>l s = e*» a (-ti,i - 2xi) + e 4t »A (-4*3,3 - 48x 3 ), 
<^ 8 = e 2t "A (-4*2,2 - 6x2) + 36e 6 W . 
4>le = e^A (^A + fo3 ) , | 6 = 12e «„ , ^ = 

067 = --X1X3 + e 3 W hi - - -*3, 3 X3 - 3x§ + e 5t "A (7*2,2 + 6x 2 ) - 57e 9 W , 

067 = e * MA (~ ^ - + e 4VA (*3,3 + 2x 3 ), 



+ e 6 W 



3 



-e W — 



i>l 7 = X l + e 2t »A (_ t2 , 2 - ^) + 15e 6t ^ 



= — i*3, 3x1x3 - X1X3 + e 2ttl A (—2*1,1*2,2 - 3*i,iX2 — 3x1x2) 

-7^*3,2*3,3 ^ + 6*3,2X3 - 3*3,3X3 - 6*3,3X3 

2 o 



\ / 

+ e 5i ^ (13*2,2*3,3 + 33*3,3X2 - 12*2,2x3 + 36x 2 x 3 ) + 18e et ^A t M + e 9t "A (-150*3,3 - 120x 3 ), 

=e t »A ^_I tl lt3 3 _ i* 3 , 3 xi - *i,ix 3 - 2xix 3 ^ +e 2t "A ^-2t 2 ,i - 

+ e 4 W ^6*3,2 + "Y + 2*3,3X3 - 24x| \ + e m ^A (54t 2 , 2 + 108x 2 ) - 1056e 10t ^A , 

(~*2,2*3,3 - ^*3,3X 2 - 2*2,2X3 j + e 3 W (-9*i,i - 6x x ) + e 6 W (45*3,3 + 42x 3 ). 



= , 2t 
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1 1 < / 1 3 3 \ / 3 3 3 \ 

<^77 = - — *3,3Xix 3 - -xix§ + e 2t »A f — -ti,it 2 ,2 - -*i,iX2 - 2 XlX2 J + e ^" A ( ~32* 3,3 + 8* 3 ' 313 + i* 3 ' 3 ^ 3 j 

+ e 5 *^ (2*2,2*3,3 + 12* 3 ,3X2 + 8t 2 , 2x3 + 12x 2 x 3 ) + e 6 W ^ 51 * 1 ' 1 + 32xj J + e 9t ^A (-198t 3 , 3 - 216x 3 ), 

2 t / 1 1 1 1 N 2f ( *2 1 *2 2 " 
^77 =e'"- 4 (^-— *1,1*3,3 " -*3,3X1 - -*1,1X 3 - -X1X3 J + e 2 W I J 



+ e 4 ^ ^_^i + !|3 +4*3,3x3+^ -ie^ t2 ,2, 
f>77 = ^' 3 . 3:r 3 + Y + e2 '" A (~ J*2.2*3,3 " ^*3,3X 2 " *2, 2 X 3 ) + e 3 *^ (-3*1,1 - 3xi) + e 6t ^A (^p- + 19x 3 

= - J*3,2XlX 3 - -t-t§ 3X1X3 - i* 3 , 3 xix 3 - XiX 3 + e 2 *^ ( -*l, 1*2,2*3,3 - |*l, 1*3, 3X2 - ^*3, 3x1x2 
- 2*1,1*2,2^3 - 3*2,2^1^3 - 3*1,1^2^3 ~ 12xiX2aJ3^ + e 3 W ^—3*1! ^ - ^7*3,2*3,3 



3*^ 3 3 

""If + 8 * 2 ' 2:r2 + 24 * 2 ' 2:r 2 + 18X32 ~ 2* 3 ' 2 * 3 ' 3X3 + H^^ 3 + 4*3,3^3 



r, t / 47 , 183 9 , 9 \ 

^ A (5*2,2*3,2 + Y*2,2*5, 3 + 3t 3 ,2X 2 + — *5, 3 X 2 + 52*2,2*3,3X3 + 78t 3 ,3X2X 3 + 52* 2 , 2 x| + 60x 2 x^ j 

+ e 6t "A (93*1,1*3,3 + 96t3, 3 xi + 114*1,1X3 + 249xix 3 ) + e 7 W (-84*| 2 - 540* 2 , 2 x 2 - 648x2.) 
+ e 9 *"A (I02t 3i 2 - 582t|, 3 - 1674t 3 , 3 x 3 - 1128x|) + e 11 *^ (2780* 2 , 2 + 7284^2) - 26064e 15 *f a , 

t ( 1 1 2 1 1 2 1 2 2^ 

:£ ^ ( _ ^* 1 . 1 *3,2 - — *1,1*3,3 - 2* 3 > 2X1 - — *3,3X1 - -*1,1*3,3X3 - *3,3X1X 3 - *1,1X 3 - 2xiX 3 I 

^-*2, 1*3,3 - ^*2,2*3,3 - 2*2, 1X3 - 1*1, 2X3 + 4*2,2X 2 X 3 + 6x|x 3 ^j + e 3 *KA (-7*1,1*2,2 - 6*2,2X1 - 6*1, 1X2) 

^-16*3,1 - 2* 3 ,2* 3 ,3 + - 26*3,2x3 + 2*|, 3 x 3 - 28* 3 , 3 x| - 64x|^ 

s 6t "A (95*2,2*3,3 + 102*3,3x2 + 198*2, 2x3 - 108x 2 x 3 ) + e 7t "A (413*i,i + 498xi) + e 10 *^ (-3228* 3 ,3 - 2288x 3 ), 

(13 3 N 

-*2,2*3,2 - -*2,2*3,3 ~ -*3,2^2 ~ — *3,3#2 ~ *2, 2*3, 3^3 ~ 2* 2 ,2#§ ) 
o 2 lb / 

+ e 3 '^A ^_£ tl lt3 3 _ 3*3,3X1 - 6ti,ix 3 - 16xiX3 j + e 4t »A (4*| 2 + 30*2, 2x2 + 36x1) 

/ 105* 2 \ 
+ e 6 W I -15* 3 ,2 H ^ + 57* 3 , 3 x 3 + 42x§ j + e 8t f a (-240*2,2 - 666x 2 ) + 3036e 12 *f a . 



- e 2t ^A 



+ e^A [ - 

+ e v-a 
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e "A Xl X 2 X 3 + e *A 1-4*1,1*2,2*3,2 - *i, 1*2, 2*3, 3 - 6*1,1*3,2X2 - -*l, 1*3, 3X2 - 12*3, 2 XiX 2 - 3* 3 , 3X1X2 
6*1,1*2,2*3,3X3 - 12*2,2*3,3X1X3 — 9*1,1*3,3X2X3 — 54*3,3X1X2X3 — 8*1,1*2,2X§ — 16*2,2X1x1 - 12*1,1X2x1 



72xix 2 x|j +e 3t »A ( Ul- ; /;, ; + 2 1/^/:) ,.r 2 + 721 2.2 1 ; !•'■] + '■ i; ; J - I-2/ 2 1 +^ L'l 2-<M 
3 

+ 12*3,2*3,3^3 + -4,3*3 ~ 24*1, 1X1X3 + 32t|, 2 X 2 X3 + 96*2, 2 x|x 3 + 72x|x 3 + 72*3,2*3,3x| 



+ 18*1,3x1 + 96*3,2X| + 78*|, 3 x| + 144*3, 3 x| + Bfagl + e J W (8*2,2*3,2*3,3 + 2*2,2*3,3 + 120*3,2*3,3x2 + 30*|, 3 x 2 

-96*2,2*3,2X3 + 96*2, 2*3, 3^3 + 288* 3 ,2X2X 3 + 252*§, 3 X 2 X 3 + 160*2,2*3,3^3 + 672t 3 ,3X 2 X§ + 576X2X1) 
+ e 4t "A (-16*1,1*1,2 + 24*1,1*2,2x2 + 24*2,2x1x2 + 72*1,1x1 - 72xix|) 

+ e 6t "A (-36*1,1*3,2 + 243*1,1*1,3 + 288*3,3X1 + 714*1,1*3,3x3 + 1404t 3 , 3x1x3 + 504*i,ix§ + 1104xix§) 

+ e 7t "A (-304*1,2*3,3 - 2352*2,2*3,3X2 - 2520*3,3x1 - 192*1, 2 x 3 - 2880*2,2X 2 x 3 - 2592x!x 3 ) 

+ e st f a (224*1,1*2,2 - 1608ti,iX2 + 816xix 2 ) + e 9t ^A (216*3,2*3,3 - 1386*1 3 ~ 1824t 3 ,2X 3 - 6912*1 3 x 3 

-11808*3,3x1 - 7680x1) + e lu *A (13808*2,2*3,3 + 35400t 3 , 3 X2 + 17472*2, 2 x 3 

+ 33120x 2 x 3 ) + 10224e 12 W *i,i + e 15t "A (-160704* 3 , 3 - 149376x 3 ), 



(2 , 
-4*2,1*3,2 - -*1,2*3,2 - *2, 1*3,3 _ g*2,2*3,3 - 6*2,1*3,3^3 — *2, 2*3, 3^3 



+12*2,2*3,3x2x3 + 18*3,3x1x3 - 8t2,ixl - ^*l, 2 x§ + 16*2,2X2x1 + 24xlx§^ + e 3 W (-24*i,i* 2 , 2 *3,3 

- 24*2,2*3,3^1 - 18*1,1*3,3X2 - 52* 3 , 3X1X2 - 32*1, 1*2,2X3 - 32*2, 2x1x3 - 144xix 2 x 3 ) 

(8* 3 3* 4 
-48*?,! - 16*2,1*2,2 + 12 *1,2 + 6*3,2*1,3 + " 48*1,1X1 

+90*3,2*3,3^3 + Y*3,3^3 + 120*3,2X§ + 138*§, 3 x§ + 288* 3 , 3 xl + 192x1 
+ e 6 W (204*2,2*3,2 + 99*2,2*1,3 + 432*3,2X2 + 252*1, 3X2 + 298*2,2*3,3^3 - 324*3,3X 2 x 3 + 312*2,2x1 - 432x2x1) 

7, .w ( 536*1 2 ,\ 
+ e 7t "A (1872ti,i*3,3 + 2808*3,3X1 + 2112*i,ix 3 + 2208xix 3 ) + e s W I 2096* 2 ,i + 1728t 2 ,2X 2 + 3888x1 I 

+ e 10t ^A (-8976*3,2 - 13428*1,3 - 20928* 3 ,3X 3 - 10752x1) + e 12 '^ (-10704*2,2 - 68256x 2 ) + 295680e 16t ^A , 

=e'" a ^-ti, 1*2,1 - i*l,l*!, 2 - 2*2,ixi - i*l, 2 xi - 2*1,1*2,2x2 - 4*2,2x1x2 - 3ti,ixl - 6xixl^ + e 2 *f a ^-4*2,2*3,1 
13 1 

-*2, 2*3, 2*3, 3 - — *2,2*|,3 ~ 6*3,1X2 - -*3, 2*3, 3^2 ~ — *|,3 :E 2 + 12*3,2X 2 X3 + 3*3,3X2X3 + 18*3,3X2X3 + 24x 2 xl 
+ e M "A ^-21*1,1*3,2 - Y*l, 1*3,3 - 18*3,2X1 - |t§ )3 Xi - 18*1,1*3,3^3 - 24ti,iX§) + e U »A (^-52*2,1*3,3 
+ y *2,2*3,3 - 14*2,2*3,3X2 - 48*3,3x1 - 48*2,1X3 + 8*1, 2 X 3 - 48*2,2X 2 X 3 j + e 5t "A (23*1,1*2,2 + 78*2,2X1 
«♦ / 405*1 3 n o\ 

+ 30*i,iX2 - 36xix 2 ) + e bt "A I -36t 3 ,i + 195*3,2*3,3 + — ^ + 144t 3 , 2 x 3 + 180*1, 3^3 + 192*3, 3 x§ I 

+ e m ^A (-156*2,2*3,3 + 1314*3,3X2 + 48*2,2X3 + 336x2x3) + e 9tlJ A (240*i,i + 1152xi) + e 12i ^ (-9300*3,3 - 4464x 3 ). 



A.8. V for A = (2,3,4). 

ij, 1 = xi + e 3 W (18*3,3 + 48x 3 ), V 2 = -48e 4 W , ^ = 0. 
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A. 9. Probenius potential for A = (2,3,5). 

•^(tl: *1,1 , *2,1,*2,2, *3,1, t3,2, t3,3, *3,4, ) 

*! 2 *MA , j ^*1,1 2 , *2, 1*2,2 , *3.2*3,3 , *3,1*3,4\ , /*2,1 3 , *3,1*3,2 2 , *3,1 2 *3,3\ 

= -T" + 41 v~r + — r - + —a - + — s - J + {— + + ) 

( *1,1 4 *2,1 2 *2,2 2 *3,2 2 *3,3 2 *3,1*3,3 3 *3,2 3 *3,4 1 , , , *3,1 2 *3,4 2 \ 

+ r"96 36 50 150 150~ " ^*3,i*3,2t 3 ,3*3,4 - ~^^) 

/*2 1*2 2 4 *3 3 5 1 a 1 2 2 1 2 2 1 3^ 

+ \-wT + i5bo + iso' 3 - 2 ' 3 - 3 * 3 ' 4 + i5o* 3 - 2 * 3 ' 3 * 3 ' 4 + 500* 3 - 1 * 3 - 3 * 3 - 4 +750*3.1*3,2*3,4 ) 

( t 2 ,2 6 _ 3t 3 ,3 4 f3,4 2 _ *3,2*3,3 2 *3,4 3 _ *3,2 2 *3,4 4 _ *3,1*3,3*3,4 4 \ ( 7*3,3 3 *3,4 4 11*3, 2*3, 3*3,4 5 *3,1*3,4 6 ' 

V 19440 10000 1500 7500 15000 J V 150000 375000 2250000, 

/ 13*3 3 2 * 3 4 6 *3 2*3 4 7 \ 7*3 3* 3 4 8 7t 34 10 t ( 1 2 1 2 
3,d J,4 A_ 2 2 LJ ^i_ A2±jhl ±± 1- e W a 1*2 1*3 1 + -tl 1*2 2 *3 1 H *1 1*2 1*3 3 

V 4500000 3150000 / 90000000 8100000000 \ ' ' ' 6 ' ' ' 10 ' ' ' 

2 2 ^~ 2 ^ 2 ^~ 2 2 

+ — *1,1*2,2 *3,3 + 7*1, 1*2, 1*3, 2*3, 4 + 777*1,1*2,2 *3,2*3,4 + —*1, 1*2, 1*3, 3*3, 4 + 7777*1,1*2,2 *3, 3*3,4 
60 5 30 50 300 

, *1,1*2,1*3,4 4 *1,1*2,2 2 *3,4 4 \ , 2i„ . /*2,2*3,1 2 . *2,1 2 *3,2 . 1 2, , , !, , 2. , *2,2 4 *: 
H + e I ti l 12 2*3 2 H *2 1*2 2 *3 2 H 

3000 18000 J V 2 2 2' ' ' 6 ' ' ' 72 

1 2 *2 2*3 3 4 1 ^ 2 ^ 2 ^2 

+ 777*2,2*3,1*3,3 H 77777? 1- 7*2,2*3.1*3,2*3,4 + 7*2,1 *3,3*3,4 + 7*1,1 *2, 2*3, 3*3, 4 + 77*2,1*2,2 *3.3*3,4 

10 200 5 5 5 15 

+ 7777*2, 2 4 *3, 3*3, 4 + — *2,2*3,2*3.3 2 *3.4 + — *2.2*3.2 2 *3.4 2 + — *2. 2*3. 1*3, 3*3, 4 2 + 7777*2, 2*3, 3 3 *3,4 2 + ^777^ 
180 50 50 50 500 75 

,1 2, , 3 , 1 t , 2, 3, *2,2 4 *3,4 3 1 3 *2,2*3,1*3,4 4 7*2,2*3, 3 2 *3,4 4 
+ -*1,1 *2,2*3,4 + ^2,1*2,2 *3,4 + + — *2,2*3,2*3,3*3,4 + — + — 

^2*3^ *2,2*3,3*3,4 6 ^2*3^ st(M / *M^ 1 3 , 

15000 150000 18000000 J \ ' ' ' 3 ' ' ' ' 6 ' ' ' 

1 2 1 2 ^ 1 q *11 3 *3 4 2 3 2 

+ 777*1,1*3,2*3,3 + 7*1,1*3,2 *3,4 + 7*1,1*3,1*3,3*3,4 + —tl, 1*3,3 *3,4 H ' h 777*1, 1*2, 1*2, 2*3,4 

10 5 5 25 10 10 

1 3 2 1 2 2 3 4 2 3 17*1 1*3 2*3 4 4 *1 1*3 3*3 4 5 
+ 20*1,1*2,2 *3,4 + -*1,1*3,2*3,3*3,4 + -*1,1*3,1*3,4 + 7^*1,1*3,3 *3,4 + "3OOO + 1500 

, *1,1*3,4 7 \ b 4«„. / *2,2 2 *3,2 2 1 „ *2,1*3,3 3 , *2,2 2 *3,3 3 , , 2, , 

+ U2500" ) +e + ' 2 - 1 ' 3 - 1 * 3 ' 3 + 6* 2 ' 2 i3 ' li3 ' 3 + —[Q- + + h '' * 2 ' 1 * 3 ' 4 

1 2 ^22 1 3 ^2 2 t3 ^3 4 1 ^2 
+ ~*2,1 ^2,2^3,4 + *2,2 *3,4 + -^2,1*2,2 *3.4 H — h -^2, 1*3,2^3,3^3,4 + — *2,2 *3, 2*3, 3*3, 4 

2 6 o 72 5 oO 

3 2^2 2"^" 22 222^ 3 ^ 2 3 
+ 777*2,1*3,1*3,4 + 7777*2,2 *3,1*3,4 + 7777*2.1*3,3 *3,4 + 777777*2,2 *3,3 *3,4 + 777*2,1*3,2*3,4 + 777777*2,2 *3,2*3,4 

10 20 20 d00 50 300 

, 19*2,1*3,3*3,4 4 23*2,2 2 *3,3*3,4 4 *2,1*3,4 6 7*2,2 2 *3,4 6 \ gBt / 2 ,. 3 4 , , , 2 
H + e 1*1,1*2,1 +11,1 *2,2 H *1, 1*2,1*2,2 

3000 3600 10000 36000 / V ' ' 3 ' 

7*11*2 2 4 1 2 1 2 1 3 

H 777" 1" *1, 1*2, 2*3, 2*3, 3 + tl, 1*2, 2*3, 1*3,4 + 77*1,1*2,2*3,3 *3,4 + 77*1.1*2,2*3,2*3.4 + 7*1,1*2,2*3.3*3,4 

36 2 2 6 

1 k\ fit / 2 *2 2 3 *3 1 *3 2 3 3*ll 2 *3 3 2 1 2 

+ 777^*1.1*2,2*3,4° +e 6 ^A *1,1 2 *3.1 +*2. 1*2.2*3,1 + 77^ — + + L_i£_ + t 2 ,lt 2 ,2t 3 ,3 2 

120 / \ 6 6 5 10 

11*2 2 3 *3 3 2 *3 1 2 *3 47 2 6 1 3 1 2 1 2 

H T77 1 h 777*1,1 *3,2*3.4 + 7*2,1*2.2*3,2*3,4 + 7*2,2 *3,2*3,4 + 7*3,2 *3,3*3,4 + 777*3,1*3.3 *3,4 

60 2 10 5 5 5 10 

*3 3 4 *3 4 1 2 2 2 21 2 l 7 3 2 ^ 2 2 

"I 77777T 1" 7*3,1*3,2*3,4 + 777*1,1 *3, 3*3,4 + 777*2, 1*2, 2*3, 3*3, 4 + 77777*2,2 *3,3*3,4 + 777*3,2*3,3 *3,4 

200 25 50 100 10 

, *3.2 2 *3.4 3 ,1 t t 3 , 19* 3 .3 3 *3,4 3 , 22t 1 ,l 2 t3 i4 4 27*2, 1*2, 2*3,4 4 , 39*2,2 3 *3,4 4 , 11 t t 4 

+ + r^* 3 - 1 * 3 ' 3 ' 3 ' 4 + 1500 + 375 + 1000 + 2000 + Tso' 3 - 2 ' 3 - 3 * 3 - 4 

, *3,1*3,4 5 , 71t 3 ,3 2 *3,4 5 , 19* 3 ,2*3,4 6 , 67* 3 ,3*3,4 7 , 521t 3i4 9 \ „ / 7 2 

+ -3000 - + 30000 + 45000 + 450000 + 162000000 J + 6 " ^M* 2 . 1 ^ + e* 1 ' 1 * 3 ' 2 * 3 ' 2 
7 49 2 49 3 343 2 3 \ 8t / 2 

+ 7*1,1*2,1*3,3*3,4 + 7777*1,1*2,2 *3, 3*3, 4 + 7777*1,1*2,1*3,4 +777-7*1,1*2,2 *3,4 )+ e MA 1*2, 2*3, 1*3,2 + 2*1 1 *2,2*3, 
5 30 150 900 / \ 
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2 *2 2 4 *3 33 2 1 2 2 ^ 3 *2 1 2 *3 4 2 

+ *2,1*2,2 *3,3 H '— — '■ I" -*2.2*3,2*3,3 + -*2.2*3.2 *3,4 + ~*2,2*3, 1*3, 3*3,4 + — *2,2*3,3 *3,4 H : — — 

6 5 5 5 25 2 

8 2 2 ^ 2 2 17*2 2 4 *3 4 2 2 2 2 3 18 2 3 

+ *2,2*3,4 + — *2,1*2,2 *3,4 H ^ — : h -42,2*3,2*3,3*3,4 + — *2, 2*3. 1*3, 4 + -—3*2,2*3,3 *3,4 

5 15 90 5 75 125 

19 4 2 , 34*2 2*3 4 7 \ q t ( *1 1*3 3 3 3 

+ — *2,2*3,2*3,4 4 + — *2,2*3,3*3,4 5 + ' J + e 9 W *1,1*3,1*3,3 + ' , ' + *M *3,4 + 3*1, 1*2,1*2,2*3,4 

375 75 28125 / V 10 

3 3 6 3 2 9 2 2 9 3 153*1 1*3 3*3 4 4 

+ -*1,1*2,2 *3,4 + -*1, 1*3, 2*3, 3*3,4 + —*1, 1*3, 1*3, 4 + — tl, 1*3,3 *3,4 + — *1, 1*3, 2*3,4 H — — 

Zj O -LU -LL/UU 

81^\ 10 , / 2 2 13t M 2 t 2 , 2 2 t 2>1 t 2 , 2 3 23* 2 ,2 5 1 2 

^ mnnn J +e ^1*1,1 *2,1 + *2,1 *2,2 H " 1 " 1 — " V £2,1*3,2*3,3 + ~*2,2 *3,2*3,3 

lUUUU / \ Oo loU D 

■^"2 ^" 2 ^22 ^" 2^2 2 

+ *2, 1*3, 1*3,4 + ^*2,2 *3,1*3,4 + -*2, 1*3,3 *3,4 + 7^*2,2 *3,3 *3,4 + -*2, 1*3,2*3,4 + T^*2,2 *3, 2*3,4 

1 3 19 2 3 *2 1*3 4 5 43*2 2 2 *3 4 5 \ ii t / 11 2 
+ -*2,1*3,3*3,4 3 + — *2,2 2 *3,3*3,4 3 + ^ + ^ ' j + e 1 "** (*1, 1*2,2*3,1 + —41,1*2,2*3,3 

,11 , , , ,121 . . , 2 , 1331*1, 1*2,2*3,4 4 ^ „ i2tu< /fs.l 2 2 , , *2,2 3 *3,2 *3,1*3, 3 2 

+ y *1,1*2,2*3,2*3,4 + — *1,1*2,2*3,3*3,4 + — J + e ^ ^_ + tl>1 ts>a + ___ + __ 

53*3 3 4 *3 1*3 2*3 4 7 2 41 , 1 2 27* 3 2 2 *3 4 2 

^ 1 ; 1" ^*l.l *3, 3*3,4 + *2, 1*2, 2*3. 3*3. 4 + — *2,2 *3,3*3,4 + — *3,2*3,3 *3,4 H — 

600 5 5 30 50 100 

1 2 51*3 3 3 *3 4 2 62*n 2 *3 4 3 3 3 53*2 2 3 *3 4 3 51 , 
+ -*3,1*3,3*3,4 + + - + -*2,1*2,2*3,4 + — + 7^*3,2*3,3*3,4 

*3,1*3,4 4 , 2557* 3 ,3 2 *3,4 4 , 67* 3 ,2*3,4 5 , 717* 3 .3*3,4 6 , 5117* 3 ,4 8 \ , 1 3 4„ „ (, + t , 13 ( ( 2+ 
H + e ^ *1 1*2 1*3 3 H *1 1*2 2 *3 3 

3000 30000 5000 50000 6000000 / \ 6 ' ' ' 

-x- 13 * t t 2, I 69 , , 2, 2^ i 14t„, / / *2,2*3,2 2 *2,1 2 *3,4 7 2 7 2 

+ — *1, 1*2,1*3,4 + — — *1,1*2,2 *3,4 l+ e ^ I 7. 1 7. r — *1,1 *2,2*3,4 + -*2,1*2,2 *3,4 

-LU OU J V ^ A A O 

49*2 2 4 *3 4 7 49 2 2 49 3 343 4 2401*2 2*3 4 6 \ 

+ ^ + -*2,2*3,2*3,3*3,4 + -*2,2*3,3 *3,4 + — *2,2*3,2*3,4 + — *2,2*3,3*3,4 + ^ m ) 

15i /*1 1 3 4*1 1*2 2 3 o 2 3 7*ll*3 4 5 \ 

+ e 1 '"^ —1— + 2*1,1*2,1*2,2 + '—^ + *1,1*3,3 *3,4 + *1,1*3,2*3,4 2 + *1,1*3,3*3,4 3 + 

V 3 3 60/ 

+ e 16 W (* 2 ,2 2 *3,3 2 + *2,1*3,2*3,4 + ^*2,2 2 *3.2*3,4 + 7*2.1*3,3*3,4 2 + ^*2, 2 2 *3,3*3,4 2 + 

3 5 15 75 

148*2 2 2 *3 4 4 \ it* / 17 289 o\ i 8 4 / 2 

+ ' + e 17 *^A *i.i*2.2*3,2 + — *1, 1*2,2*3.3*3,4 + — *1,1*2,2*3,4 3 + e 1S ^A t^^tg^ + t 2 ,l*2,2*3,3 

225 /V 5 150 / y 

*2,2 3 *3,3 , *3,2*3,3 2 , *3,3 3 *3,4 , 9*l,l 2 * 3 .4 2 , 3 2 33*2.2 3 *3,4 2 , 3 2 3* 3 , 3 2 *3,4 3 

+ ^^ + ^2— + ^5~ + 5^ + I 7 3 *2,l*2,2*3,4 + + -*3,2*3,3*3,4 + \ Q 

, 9f 3 ,2*3,4 4 63* 3 ,3*3,4 5 81*3,4^ jl8t / 19 2 \ 20t /*2,1 2 2 

H + e *1 1*2 1*3 4 H *1 1*2 2 *3 4 + e MA h *1 1 *2 2 

200 500 5000 / V 6 ' ' / V 2 ' ' 

*2 1*2 2 2 37*2 2 4 1 2 1 2 3 o 43*2 2*3 4 5 \ 214 ( 
+ ~ - — + ^ + -*2,2*3,3 2 *3,4 + -*2,2*3,2*3,4 2 + -*2,2*3,3*3, 4 3 + ^ Q ' j + e 2 ""^ I *1, 1*3,2*3,4 

7 2 49*i,i*3,4 4 ^ ^22i u , / / *2,2 2 *3,2 11, 2 . 121*2,2 2 *3,4 3 \ , 23tu / 
+ -*1, 1*3,3*3,4 H 7— + e 'A h — *2,2 *3,3*3,4 H — + e ^ *1, 1*2, 2*3, 3 

5 150 / V 2 5 75 7 V 

_1_ 23 > <- <- 2 ^ i A. (hiiL J-t 2, , , 3, | *3, 2*3, 3*3,4 27*3, 3 2 * 3 , 4 2 *3,2*3,4 3 
10 / I" 4 *3,4+*2,2 *3,4 1 1 1 

, 229* 3 , 3 *3,4 4 , 977*3,4^ , .28t M<J , 2 , „26t u . / / *2,2*3,3 2 13 ^ 2 169* 2 ,2*3,4 4 \ 

+ 750 + ^5b"J +e *1,1*2,2 "I - 6 y 2~ 2'2*3,3*3,4 ~f~ 200 / 

+ e 27t ^ ( tl ,i*3, 3 *3,4 + ^-^) + ^e 28t ^ t2 ,2 2 * 3 ,4 2 + e 29 W tMt2 , 2t3 , 4 + e 30i ^ + + ^! 

, *3,4 5 \ sat / , 4* 2 ,2*3,4 3 ^ 1 3 44„ 4 , 2, , .36i u ■ ^S.3 2 , *3,3*3,4 2 53* 3 ,4 4 \ 
+ — J+e - v *2,2*3,3*3,4 + J+-e -*2,2*3,4+e + __ + __ j 

+ ie 38 Wi 2 , 2 *3,4 2 + ie 40 ^At 2 , 2 2 + I e 42t "At 3 , 4 3 + I e 4 8tMAi3, 4 2 + 6 , 

2 4 o 8 DO 
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A. 10. Coordinate change for A = (2,3,5). 

Sl(t) =*1 +e 2t ^A ^-2*2,2*3,2 - ^2,2*3,3*3,4 " 7^*2,2*3,4) + e 3 *"A ^-6*1,1*3,3 - j|*l, 1*3,4) - 12e 4 *^A t 2 , 1*3,4 

r rf Bf / , 108 , 12*| 4 

- 10e' rf ^A t 1>1 t 2 , 2 + e 6 ^A -60*3.1 + 12tf 3 + 18*3,2*3,4 + — *3,3*§ 4 + —r 1 
\ 5 5 

+ e s *f a ^264*2,2*3,3 + ^*2,2*§, 4 ) + 918e 9t ^A t M t 3j4 + e wt »A (l380t 2 ,i + 90*1 >2 ) 

( 33204 66768*? , \ 

+ e 12t x A -252*3,2 *3,3*3,4 — - 36566e 14 *^A * 2 . 2 * 3 ,4 - 72390e ljt ^A t 1A 

\ 5 25 1 

+ e 18t ^A (334020*3,3 + 689508t§ 4 ) + 2297860e 2(M ^A * 22 - 60218748e 24 *f a * 34 + 1594559250e 30t ^A , 

/ 12* 2 \ 

si,i(t) =*i,i + e At "A I -8*3,3 ] - 24e 5 ^A* 2i2 + 1000e 9 ^A* 3j4 - 59400e 15t "A , 

* 2 / 6 2* 3 

S2,l(t) =*2,1 + + e 2t "A -3*3.2 - -*3,3*3,4 - I - 15e 4t ^A * 2 ,2*3,4 - 24e &t "A* 1 j 

6 V 5 25 ' 

+ e 8 *f a ( 225*3,3 + 615t3 ' 4 ) + 1725e 10t "A * 2j2 - 56640e 14t "A * 34 + 2508000e 2(,t ^A , 



S2,2(t) =*2,2 - 27e 4 *^A * 3 4 + 2376e 10t ^A , 

* 2 1 1 * 4 / 9 \ 

S3,l(t) =*3,1 + -7^ + -*3,2*3,4 + rr*3,3*3,4 + ^ + <= 2 '^ -3*2,2*3,3 - 7^*2,2*3,4 - §e 3 ^A tl lts 4 
10 5 50 3000 V 10 / 

(5* 2 \ / 341* 3 \ 

-15*2,1 + -jp \ + e 6t ^A ( -80* 3 ,2 + 13*3,3*3,4 + 30 3 ' 4 j + 522e 8t "A * 2 , 2 *3,4 

( 23967£ 2 \ 
1872* 3 , 3 g- 3 -^ J - 56115e 14t ^A * 2j2 + 387405e 18 W * 3j4 + 3926880e 24t ^A 

2 2* 3 

S3,2(t) = - 4e 2 W * 2 ,2*3,4, *3,2 + -*3,3*3,4 + "^f 1 - 10e 3 *^A * M + e 6t "A (-120*3.3 " 8t§ 4) 

5 75 

+ 865e 8 W t 2j2 + 6496e 12 W * 3 4 - 971000e 18 *f a , 
3* 2 

s 3 3 (t) =t 3j3 + -^M - 5e 2 W * 2 2 - 165e 6t "A * 3 4 + 23745e 12 *^A , 
S3,4(t) =*3,4 - 250e 6 *^A . 



A.ll. (j) for A = (2,3,5). 

=0, a = l,2,3,i = l,j = l,...,9. 
022 = Y + e 5t "A (40*2,2 + 60x 2 ) + e 9t ^A (-1464* 3 , 4 - 480* 3 ) + 160320e 15t "A , 
<f>l 2 = e 4t M A (16*3,4 + 20* 3 ) - 3680e 10t "A , ^ = 168e 6t "A . 
023 = e 4 * MA (8*3,4 + 10x 3 ) - 1720e 10 W , ^ = 35e 5t "A , ^ = - e **A . 

1 of / 4 4t 3 9 \ /8 

024 = e 2 ^A -2* 3i 2 - "*3.3*3,4 " — ^" - 3* 3 , 3 * 3 " — *3 4^3 " 4*3,4*3 ~ 5x§ + e 4 W -* 2 , 2*3,4 - 4*3,4*2 

y 5 75 10 1 \d 

25 \ « f / 512* 2 4 \ 
+ y*2,2*3 - 5*2*3 + & "A (15t M - 12*!) + e 8 W I 208*3,3 + + 519*3,4*3 + 880*§ j 

+ e 10 *^A (- 1900 * 2 , 2 + 605^2) + e 14t "A (-25642* 3 , 4 - 56985* 3 ) + 1658800e 20t "A , 
<*| 4 = e 3t "A ^-3*3,3 - - 4* 3j4 * 3 - 5rrA + e 5 '^A ^ 35 * 2 ' 2 - 8*2) + e 9t ^A (324t 3j4 + 655* 3 ) - 25215e 15 *"A , 
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" x *) + e5t " A ( 7 *3,4 + IOX3) - 1091 e lu "A . 4>ls = 24e 6 ^A , 0| B = _ e W , <£. 3 5 = . 
frl 6 = e 2t »A (-2t 2 , 2 - 3x 2 ) + e 6 '^ (^i!|M _ g^) _ 2592e 12 '^ , 



^4 = eW ( -- 



Al 6 = e^- 4 ~ x s) + 68e 7t "A , <t. 3 6 = -3e 3t ^A . 



^7 = e 2t "A ^-^2,2*3,4 - j|*3,4X2 - 2*2,2x3 ~ 3x 2 x 3 ) + e 3i ^A (-3*1,1 - 4xi) + e 6 *^A ^ 



144*3,3 492 *3,4 



25 



-^p*3,4X 3 + 24x|j + e 8 W (176*2,2 + 264x 2 ) + e 12t fA ^_ 29544* 3 , 4 _ 5382x ^ + 3353Q 4 e l8t» A _ 



^ = B W - !M - ^3,4*3 - xlj - e 3 W t2 , 2 + e 7 W (H^d + gg^) _ i 75 6e 13 W , 

3 7 = e 3 W (_^?d - 2x 3 ) + llle 9 W . 

,1 2t / 4 4 2 6 606 9 , 2^ 

P28 = e "A I - -* 2 ,2*3,3 - — *2,2*3,4 ~ ~*3,3X2 - — *3,4X2 - -*2, 2*3, 4X3 ~ -*3, 4X2X3 ~ 2*2, 2X3 ~ 3x 2 X 3 I 

3t / 9 12 \ et f 54*3 2 744 864* 3 4 153 

+ e 3t "A --*!, 1*3.4 - — *3,4X1 - 3*1.1X3 - 4X1X3 + e M "A _2_ + — — *3,3* 3 ,4 + — f + — *3,3X 3 
V 5 5 / V 5 25 125 5 

2091 , 402 , „\ st /568 852 \ ot , 

+ -p7T-*3 4x3 + — *3,4X§ + 39x§ + e 8 W — * 2 ,2*3 .4 + — *3,4X 2 + 267*2. 2 x 3 + 459x 2 x 3 + e 9t "A (207*i,i + 500xi) 
50 ' 5 / \ 5 5 / 

, 2t / 21744*3 3 105504t 2 4 7346I \ 14 . 

+ e 12i fi i± t 3i4X3 _ H712x 2 + e 14 W (-12738*2,2 - 23040x 2 ) 

1 5 25 5 1 

+ e 18t -A (^ 3865152*3,4 + n36145a;3 \ _ 41 422320e 24 ^A , 



' < ( - 7^*3,3*3,4 " ^ " ^3,3X3 - 7^*3,4*3 " |*3,4X§ -xi J - ^e 3 *"A * 2 , 2 *3,4 + e 4t "A (-2*1,1 -8x1) 



7t 1 401*3 3 1037t 2 4 644 ,\ „ t , , ,„ / 46348* 3 4 \ 
+ e 7t *A -M + -M. + —t 3A x 3 + 243x 2 ) + e 9t "A (108* 2 , 2 + 216x 2 ) + e 13t ^A ( _M _ 19920x 3 ) 

+ 762485e 19t "A . 



^8 = e 3 W (-^M.-^±-\ 4X3 -24\ +e 5W ( -* 2 ,2 + 3x2)+e 9 W f + 202x3) - 3456e 15 W . 

5 25 5 y \ 5 / 



1 it I 8 8 3 12 4 3 

029 = e M A -4*2.2*3,2 - -*2. 2*3, 3*3, 4 - — *2,2*3 4 - 6*3,2X2 — *3, 3*3, 4X2 - — *§ 4X2 - 6*2,2*3,3X3 

\ 5 75 5 25 ' 



9 27 , ■ 

-*2,2*i 4X3 - 9*3,3X2X3 - — 1§ 4X2X3 - 8*2,2*3,4X3 - 12*3,4X2X3 - 10*2,2X3 - 15X2X3 ) + e aI,i A I -9*1,1*3,3 
5 10 ' 



l)+e 3t -A ^ 



- — *1,1* 3 ,4 - 12*3,3Xi g"*3,4Xi - 12*1,1*3,4X3 - 16*3,4X1X3 - 15*1,1X3 - 20xiX 3 I + e ^A (10*2, 2 X3 + 15*2,2X2X3) 

r* / o 384 218*1 4 

+ e jt ^A (15*1.1*2,2 - 60*2.2Xi - 96xix 2 ) + e ^ a 72* 2 3 + 84* 3 , 2*3,4 + — *3,3*s 4 + or - 60*3,2x3 

\ 5 25 



270/ ; :i / • ..«•., - -^-*|, 4 X3 + 120*3,3*! + 300*1,4*! + 330*3,4*1) + e St "A ^1040*2,2*3,3 + 344*2,2*1,4 + 1632*3,3X2 



433 , 

IT 
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2688 \ 
+ — — *3, 4 x 2 + 1800*2,2*3,4X3 + 3051*3,4X23:3 + 3200*2,2x1 + 4620x2x11 J + e 9t ^A (1275*1,1*3,4 + 4500t 3 ,4Xi 

-6144*3,2 1 3 , 3*3,4 

349576*| 4 396234 „ „ „ \ 14 , 

- 33936*3 3x3 *3 4X3 - 130848*3 4X3 - 32160x3 + e 14 *"A (-153740*2 2*3 4 - 303600* 3 4X2 

25 5 



/ 30387216*2 
- 288330*2,2X3 - 447885x 2 x 3 ) + e lot "A (-135885*i,i - 445500x0 + e 18 W 3793104* 3 , 3 + ^ 



+ 16278702*3,4X3 + 9527640x§ J + e 20t "A (13301840*2,2 + 25757760x 2 ) + e 24t "A (-828787440*3,4 - 884891040x 3 ) 
+ 34686244200e 30 W , 

0| g = -XiX 2 + e 3 W ^-6*2,2*3,3 - g*2,2*§,4 " 8*2,2*3,4X 3 - 10*2,2X3 ) + e^- 4 (-16*1,1*3,4 " 32* 3 , 4 X 1 - 20*1, 1X3 

N 5t ( 10*1 2 \ 7 , / 1462 1969* 3 4 2256 2 2 

- 40xix 3 ) + e J W 20*2,1 + — — + e 7 W 96* 3 .2 + -— *3,3*3,4 + — — + 304t 3 ,3X 3 + — — 1§ 4 x 3 + 882* 3 , 4 x| 

V 3 / V 5 25 5 

+ 540x|j + e 9t f a (984*2,2*3,4 + 864t 3 , 4 x 2 + 1640t 2 ,2X 3 + 1440x 2 x 3 ) + e 10 W (1400*i,i + 6880xi) 

(263324* 2 \ 
-48136*3,3 — ^d - 174608*3,4X3 - 157260x| j + e 15 *^A (-111570*2,2 - 190080x 2 ) 

+ e 19 *f a (10377650*3,4 + 15134160x 3 ) - 584059200e 25i ^ , 

03 g=e W ^-* 2 ,i - ^ -2*2,2X2 -3xlj + e 3 *^A f -3*3,2 - g*3,3*3,4 - ^d ) + e 5t HA(lJ/ 2 ,/., , H (;()/., 



(933*2 \ 
1431*3,3 H jjd + 1980*3,4x3 + 3000x§ J 



- 20*2,2x3) + e 6t f a (48*i,i - 192xi) + e 9 W ( 1431* 3 , 3 H 2d + 1980* 3 , 4 x 3 + 3000x 2 I + e 11 *^ (-571* 2 , 2 + 768x 2 ) 



- e 15 *f a (-161184*3,4 - 377880x 3 ) + 15859680e 21t ^A . 

<t>\ 3 = 30e 5 *f a , ^§3 = 0, <i| 3 = 0. 

/ 9t 2 \ 

4>l 4 = e 3 '^A I 3t 3 3 + _M + 4*3,4x3 + 5x3 J + e 5 *^A (20t 2 ,2 + 45x 2 ) + e 9 *^A (-1287*3,4 - 865x 3 ) + 129510e 15t,i A , 

034 = ^ + e 4t " A (8*3,4 + 10x 3 ) - 2090e 10 ^A , ^ = 114e 6 ^A . ^ = _ e W , </, 2 5 = 0, 0| 5 = 0. 



0l 6 = e^A _ X3 j + 35e 7t *A , ^ = -2e 2 W , , 0. 

+2 



- V36 



*37 = e^- 4 ( — - -g^ - 5*3,4x3 - x 2 J + e 3t ^A (_t 2j2 - 6x 2 ) + e 7 ^A (77t 3 , 4 + 120x 3 ) - 8001e 13t f a , 
<f. 2 7 = e 2t f a ( -JM - 2x3) + 120e st f a , (f>l 7 = -4e 4 '^A . 



,i t / *3 2 1 *3 4 2 2 2 3 2 , \ 3t / 3 18 

038 — £ M A I — t3,3*3,4 ~ ~ -*3,3X3 ~ 7^*3,4X3 - -*3,4X 3 - X 3 I + e "A I — — *2,2*3,4 - — *3,4X2 

- 6x2x3 j + 2e 4 W t M + e 7 *^A ^17*3,3 + + 124*3,4x3 + 165x|j + e 9t ^A (57*2,2 + 585x 2 ) 

+ e i3t Mj4 ^_ 53553*3,4 _ 16000:E3 j + 6g7555e i9 tMA _ 

2 = e 2i ^A f-^M. _ —h± _ ^ 3 4rr3 _ 2x3 I - 9e 4 *^A X2 + e 8t ^ (176* 3 4 + 330x 3 ) - 17000e 14 '^A , 
V 5 25 5 / 
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4 8 = e ^ A - 3x 3 ) + 170e 10 *^ . 

1 S t ( 9 27 o '? o\ 

939 = —X1X2 + e 1-6*2,2*3,3 - ~*2, 2*3,4 - 18*3,3X2 ^"*3,4 ;c 2 - 8*2,2*3,4X3 — 24*3,4X2X3 - 10*2,2X3 _ 30X2X| I 

/ 373f 3 
+ 15e 4t "A Xl x 3 + e 5t >*A (-90*2,2x2 - 180x^) + e 7t »A 30* 3 , 2 + 258* 3 , 3 *3,4 + — + 150t 3 ,3X 3 + 309t§ 4 x 3 



+ 450*3,4x3 + 150x1 j + e 9t ^A (1800*2,2*3,4 + 7290*3,4X2 + 2450* 2 ,2X 3 + 6900x 2 x 3 ) - 300e 10t ^A t M 

13/ ( 354414*1 \ 
+ e"'" a -27876*3,3 — - 136518* 3 , 4 x 3 - 62460x| + e 15t *A (-179100*2,2 - 730890x 2 ) 



+ e 19t "A (12768810*3,4 + 10956150x 3 ) - 648482400e 25 *^A , 



-4*3,2 - -*3, 3*3,4 " -^jp - 6*3,3x3 - -*3,4^3 - 8*3,4x1 - 10x1 ) + ("36*3,4X2 + 10*2, 2X 3 

- 60x 2 x 3 ) + e 5 W (55*i,i + 30m) + e 8t "A (300*3, 3 + 506*§ >4 + 1890t 3 , 4 X3 + 2300x§) + e 10t "A (-720t 2 , 2 + 7920x 2 ) 
+ e 14t "A (-149020*3,4 - 267390x 3 ) + 11540300e 20 W , 

/ 6*? \ 

039 = et " A - 2xi) + e 4t fA -4*3,3 — + e m »A (24t 2 , 2 - 270x 2 ) + e 10t "A (2960* 3 ,4 + 4500x 3 ) 



5 



368820e 16t f a 



Pli = -ixix 2 +e 3t fA (-2*2,2*3,3 " 1*2,2*3 4 - ^*2,2*3.4X 3 - ^*2,2x| ) -5e 4 ^AiEiX 3 + ^-e 5t ^At% 2 
3 V 5 3 6 J 3 



(162 159t 201 i 

36*3,2 + — *3,3*3,4 + 25 3 ' 4 + 54*3,3X3 + — *| j4 X 3 + 102t 3 , 4 X§ + 90x| J + e 9t "A | 162*2,2*3,4 

1100 \ ln , ,„ / 15291*2 , 
-18*3,4X2 + — ^— *2,2X 3 + 90x2X3 j + e lut ^A (-270*1,1 + 288xi) + e 13t ^A I -4194t 3 , 3 - 14592* 3 , 4 x 3 



-16590x1) + e 15t ^A (-13320*2,2 - 5220x 2 ) + e 19t f a (578790*3,4 + 1180860x 3 ) - 32746050e 25t ' 1 

,2 x l 2t 4*3 2 8 8*1 4 3 8 2 10x2 \ 4t 

Pii = Y + e A [ 3 ~ ^3,3*3,4 - -j^jr - 2*3,3X3 " -*3,4^3 " -*3,4X§ - j + e 4 W | -4t 3 ,4X 2 

10 \ r )f / 25*i i \ r* / 898 *3 4 1820X 2 
+ Y*2, 2 x 3 J + e 5 W f - 10xi J + e 8t ^A I 164*3,3 + J ' 4 + 342* 3 , 4 x 3 + 

+ eiotMx (-60*2,2 + 622X2) + (_^M _ 39 150x 3 ) + 5^e 2 °W , 



, t / tn 2xi \ 4/ / 8*3 3 4 *3 4 

/>44 = e*»A [-^-- -y-J + 6 ( 3 + + 4 * 3 ' 4:r3 + 5x 

+ e 6t f a (4*2,2 + 18x 2 ) + e 10t »A ^_ 1648* 3 ,4 _ 730x ^j + 44640e i6t MA 



0l g = e W f-^p - x 2 j + 15e Bt "At 3j4 - 1725e n W , ^ = 2 4e 6t »A , ^ = -2e 2 W 
046 = e'^- 4 (-^r*2, 2*3,4 - i*3,4X 2 - i*2,2X3 - x 2 x 3 j - e 2t ^A ( M + e 5t »A ^-t 3j3 + + 3*3,4X3 - 15x§ 

+ e 7t f a (^ 161 ^ 2 - 2 + 62x 2 j + e 11 *^ (-655* 3 , 4 + 870x 3 ) + 543e m ^A , 
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4,2 2t 



\ + e «W (^51^d _ 6^ _ I80e 12 *^ , 3 g = e 2 t , A /_2t|4 _ ^ \ + 

i t / i 1,1 i 9 2 2 l9 9^ 

4? = e "A I - — t 2 ,2*3,3 - — *2,2* 3 , 4 - - — < 3 ,4 :r 2 ~ — *2, 2*3,4^3 ~ -*3,4X 2 X 3 ~ 77*2,2X 3 - X 2 X 3 I 

\ LO J-OU DU LO o J 

t- e 2t ^A ^-^1,1*3,4 - *i,ix 3 - xix 3 ) + e 3t ^A ^-^1,2 + £2,2:2:2) + e 5 W ^4*3,3 + y* 3 , 3 * 3 ,4 + + 14* 3 , 3 x 3 

27 , , -A 7f /142 109 \ & , 

+" y f 3,4^3 + 17*3,4X1 + 10x§ J + e 7 W / —t 2 . 2 t 3A + — t 3i4 x 2 + 42*2,2^3 + 132x 2 x 3 J + e st f a (92* m + 96xi) 

/ 1929* 2 \ 
f e n ^A ( -1206* 3 , 3 — - 2758* 3 , 4 x 3 - 2600x1 J + e 13 *^A (-1770*2,2 - 5352x 2 ) 



- e 



17W ^ 601871* 3 , 4 + 23325 3 X3 ^ _ 78 40445e 23t "A . 



</>l 7 = e 2 *^A ( - ^:*2,2*3 ,4 - jj*3,4X 2 - |*2,2X 3 ) + e 3 *^ ( -3/ LJ - 2.rj ) 

.„,„, ,'84*3,3 , 162 *1,4 , 58 .,5 , 2( , , o M ,,,.-'-< „ 



+ e bt "A ^ + ^ + — t 3 , 4 X3 + 4x| + e st ^A (76*2,2 + 75x 2 ) + e 12t f a (-2028*3,4 - 1160x 3 ) + 121914e ls W , 

I 5 25 5 I 

4>% = e 2t -A ^-^M - |d _ ^3^3 _ ^ + e ^A (^L + 2x 2 ) + e^A (^M. + 93 x 3 ) - 1008e 14 ^A . 

<t>ls = eW (-^t2,2*3,2 ~ ;|*2,2*3,3*3,4 - - ^3,2X 2 - ^*3,3*3,4X 2 - 7^*1,4*2 - ^*2,2*3,3X 3 

^2 ^ ^2 ^" 2 ^ 2 ^" S 1 1 2t 1 ^ 

- — *2.2*3 4X3 - -*3, 3X2X3 - — * 3 4 X2X 3 - -*2,2* 3 ,4X 3 - -* 3 , 4X2X3 - -*2,2X 3 - X2X 3 + e ^ — -tl, 1*3,3 
75 5 25' 5 5 3 / \ 5 

23 3 \ / 1 3 \ 

-— *1, 1*3,4 ~ -*1, 1*3,4X3 - -*3, 4X1X3 - *1,1X§ - X1X3J + e 3t "A I --* 2 2 * 3 4 + -* 2 ,2* 3 ,4X2 + 2t 2 ,2X 2 X 3 J 

4t / 4 \ gt / 2 o 27 34 2 3*| 4 48 

+ e " A -77*1, 1*2.2 - *1,1X2 + 3X1X2 + e' rt ^A _ t g 3 + — t 3i2 t 3 ,4 + t 3 ,3«3 4 + ^77" + — *3,3*3,4X 3 
\ 3 / \ 5 ' 5 25 '50 5 

69 o 222 3^ 7t I '442 38 2 124 79 , 458 

+ 777*3,4^3 + 2* 3 , 3 x| + 15*|_ 4 X| + 21* 3 , 4 X§ + e 7 W ( 2 ,2* 3 ,3 - — *2,2*3,4 + — *3,3X2 + 777*3,4X2 + — *2,2*3,4X 3 

/ \ LO I O O lO 

386 2 s\ r* ^476 288 \ 

+ — *3,4X 2 x 3 + 112*2,2x1 + 192X2X11 + e 8t "A ( -g-*i,i* 3 ,4 + — *3,4Xi + 192*1,1X3 + 246xix 3 J 

9t , 2 , in ( 4921 32063* 3 4 12828 2 

+ e 9 W (-23*1 2 - 201*2,2X 2 ) + e nt ^A -689* 3 . 2 — *3,3*3,4 -— — - 1704t 3 , 3 x 3 — 1§ 4X3 

\ 5 150 5 ' 

2 -A 13t / 11796 23239 \ 

- 6239* 3 , 4 x| - 2585x§ I + e 13t fA I -124* 2 , 2 * 3 ,4 — * 3 ,4X 2 — *2,2X 3 - 13531x 2 x 3 J 

14, , , 17t ( 508921*3 3 5545087*1 4 2898999 ,\ 

+ e 14t »A (-10547*i,i - 12000xi) + e 17t ^A ±± + h± + 1 3 4 x 3 + 489433x1 

V 5 50 5 I 

+ e 19t K-A (128058*2,2 + 367230x 2 ) + e 2:it "A (-18359274t 3 , 4 - 34006980x 3 ) + 886406335e 29 '^A , 



,2 it ( 4 4 2 2 2 2 2 2 ,\ 3t / 9 6 

048 = e VA ( — — * 2 ,2*3,3 - — *2,2*3,4 - -*3,3X2 - 7j7*3,4 2: 2 ~ -*2,2*3,4X 3 - -*2,2X 3 I + e ^A I —*1, 1*3,4 ~ -*3,4Xl 

)., / to 2 o\ / 114*3 9 444 394*§ , 19s 

+ e 4 *MA -2*2,1 - ^ - 2*2,2X2 - 9x1 + e A 7^ + ^77r*3,3*3,4 + — 77? 1 + — *3,3X 3 
y 3 / \ 5 25 125 5 

513 282 \ / 574 \ 

+— *| 4^3 + — *3,4X§ + 54x1 + e 8t "A * 2 2 * 3 ,4 + 178t 3 , 4 x 2 + 62*2,2x3 + e M »A (366*1,1 + 492x x ) 

25 ' 5 / \ 15 / 
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12* I 14043*1 4 \ ., ( 20816*2 2 \ 
e 12 '"i I -3954*3,3 g-ii - 8680*3,42:3 - 10130x§ I + e 14 W ( - 20149^2 J 

e i8t MA ^ 3055182*3,4 + 7565g0a , 3 A _ 33 8 8l640e 24 ^A , 

2*3 2 2 *3 4 2 2 o 3 o 3 \ 4t / 2 6 

— 5 25* 3 ' 3<3 ' 4 ~ 375 ~ 5* 3 - 3:E3 ~ 25* 3 > 4:C3 ~ 5* 3 - 4:E3 ~ ^3 I + e I -*2, 2*3,4 + -*3,4^2 

+ 2*2,2x3) + e 5 W (t M + 6x0 + e 8t - - ^ + ^*3,4X 3 + 138x1 \ + e 10 W (_ ^2 _ i 72a;2 ) 

+ e i4 W ( 20256*3^ _ ^ \ _ 190n6e 20 W _ 



,1 1 2 2t ( 4 4 3 92 

P49 = ~-*2, 2X1X2 — X1X 2 + e I —2*1,1*3,2 — -*1, 1*3, 3*3,4 — — *1,1*3 4 — 3*1,1*3,3X3 — — *1,1* 3 4X3 — 3*3, 3X1X3 

V 5 75 10 



-^*§, 4 XiX3 - 4*1,1*3,4X1 - 4*3,4X1X3* - 5*1, ix| - 5xjx|j + e 3t "A ^-2*| 2 * 3 , 3 - g*l, 2 *§,4 ~ ^2,2*3,4^3 - Y*2,2^i) 

+ e At,i A ( — 8*1,1*2,2*3,4 — 12*1,1*3,4X2 + 27*3,4X1X2 — 5*1,1*2,2X3 — 5*2,2X1X3 — 15*1,1X2X3 — 6OX1X2X3) 

22 2* 5 

■ e° Z "A ( 5t?,i + 10*3,2*3,3 + 4*1,3*3,4 + 3*3,2*3,4 + ^* 3 . 3t 3,4 + + 30*2, H2 - 5*|, 2 X 2 + 30* 3 ,lX 3 + 45*1, 3X3 

81 63 88 

18*3,2*3,423 + — *3,3*§ 4^3 + — *3 4^3 + 30*3,223 + 68*3,3*3,42! + — 1§ 4 2§ + 160*3,3^1 + 48t§ 4 x| + 120* 3 , 4 3;| 
5 20 5 



1 j + e 7t ^A ^2 



, 708 1688 3 528 386 , 

+ 150x° 3 ] + e"PA ( 214*2,2*3,2 + — *2, 2*3, 3*3,4 + "^-*2, 2*3,4 + 174*3,222 + — *3,3*3,42 2 + -^4,4 X 2 



1104 2 2 2 3 

186*2,2*3,3^3 H — *2,2*3 423 + 576*3, 3X2X3 H — *3 42223 + 528*2,2*3,4^3 + 828*3 4X2X3 + 260*2,2^3 

5 5 

,\ Rf ( 1844 , 432 , 2 

+ 960x 2 x| I + e st >*A I 296*1,1*3,3 + — — *i,i*|, 4 + 288* 3 , 3 2i + —t£ A xi + 963*1,1*3,423 + 1674t 3 ,4Xix 3 + 760*i,ix| 

)/ 385 
+ e 9t ^A I -360*2,1*3,4 - 108*1,2*3,4 - 882*2,2*3,4X2 - 450*2,1X3 — *1, 2 X 3 - 1200*2,2X2X3 

+ e 10t PA (700*1,1*2,2 + 1440*2,221 + 1305*i,ix 2 + 1485xix 2 ) + e nt f a I _i800* 3 ,i - 2748*1, 3 - 4016*3,2*3,4 



20846 2 50116t| 4 38712 , 222 

*3,3*3 4 r-^ - 810*3.2X3 - 21180*3.3*3,4X3 — 1§ 423 - 25280*3,321 - 28150*1 4 X§ 

5 75 5 

, A \ ,„ / 25184 , 51876 , 
47570*3,421 - 390002 4 + e LAt "A -25496*2,2*3,3 *2, 2*3,4 - 40644t 3 , 3 X2 (3,4X2 - 58138*2, 2*3,4x3 



109992*3, 4 x 2 X3 - 71760*2,223 - 1755902 2 xlj + e 14t »A (-85818*1, 1*3,4 - 108000* 3 ,4Xi - 85755*i,ix 3 

11* / 9 2x m ( 7504862 
199035xix 3 ) + e lot "A (41400*2,1 + 8220*1, 2 + 24660* 2 ,2X 2 - 124740x1) + e 17t "A (429246t 3 ,2 H *3,3*3,4 

12203119*1 4 18217296 , 2 ,\ , qt , 

' + 2577924*3,3X3 H *l, 4 x 3 + 7882462*3,4x1 + 6053940x1 + e 1M fA (1836892*2,2*3,4 



25 

+ 6134130*3,422 + 4371240*2,223 + 118652402 2 2 3 ) + e**"* (5316640*i,i + 106920002i) + c^'"^ ( J Kilsr, Kit)/ . ,, 

-155871716*1,4 - 584406000*3,423 - 57614730021) + e 25 W (-157960260*2,2 - 5200368302 2 ) 
+ e 29t KA (19266865810*3,4 + 299505254102 3 ) - 786837196800e 35 W , 
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j22t /4 8 8 , 4 4 , 3 2 

049 =e "A I - -* 2 , 2 *3,2 - 7rT*2,2*3,3*3,4 ~ — — "*2, 2*3,4 - 2*3,2X2 - -*3, 3*3, 4X2 - — *3,4^2 - 2*2,2*3,3X3 - ~*2, 2*3,4^3 

8 9 10 o\ Q+ / 27 n 9 n n 

-77*2,2*3,4X3 - —t2,2 x 3 + e MA -9*1,1*3.3 - 777*1,1*3 4 ~ 6*3,3X1 - -* 3 4X1 - 12*i. 1*3,4X3 - 8*3,4X1X3 - 15*1, 1X3 
3 3 / V 1U ' 

- 10xiX§ j + e U »A f -8*2,1*3,4 - 2*3,4 - 8*2,2*3,4X2 - 36* 3 , 4 x| - 10*2,lX 3 + |*|, 2 x 3 J + e 5 *^ ( -|*i, 1*2,2 



\ Bt / 1 276 , 137*1 4 

- 10*2,2x1 - 40ti,iX2 - 36xix 2 + e 6 W 36t§ 3 + 84t 3 , 2 t 3 ,4 + *3,3*§ 4 + — ~ 30*3, 2 x 3 + 198* 3 ,3*3,4X 3 

/ \ 5 ' 25 

+ ^!p*3,4Z3 + 60*3,3x3 + 234*i, 4 x| + 270*3,4x1 j + e m »A ^440*2,2*3,3 + ^*2, 2*3,4 + 600t 3 , 3x2 + 712t|, 4 X 2 

+630*2,2*3,4X3 + -^^*2,2X 2 j + e 9t "A (2616*1,1*3,4 + 3348*3,4X1 + 3795*i,ix 3 + 3110xix 3 ) + e 10t "A ^1670* 2 ,i 

245* 2 \ / 55018* 3 
^ + 3110*2,2X2 + 7920x2. J + e 12t ^A I -11730* 3 , 2 - 34248* 3 , 3*3,4 - 38460* 3 ,3X 3 - 49128*3, 4 x 3 

)/ 223078 N 
+ e 14t "A t _ * 2 ,2*3,4 - 245636*3,4X2 - 124050*2, 2x3 - 41580x2X 3 J 

(22793661* 2 \ 
3320334*3,3 H 2d + 10242792* 3 , 4 x 3 + 7544340x| j 

+ e 20t MA ^ 23 541890*2,2 + 17836720:E2 j + e 24t MA (_615527100* 3 ,4 - 590410650x 3 ) + 25783674900e 30t ^A , 

(1 2 \ / * 2 -2 1 * 4 \ 

--*1, 1*2,2 - 7-*2,2Xl - *1,1X 2 - 2xiX2 ) + e' 2t » A -2*3,1 - - -* 3 .2*3,4 - 7777*3,3*3 4 " 77^7 

3 3 / V 5 5 25 1500 j 

+ e4t " A ( ^*2,2*3,3 + 7*2,2*3 4 + 14*3,3X2 + ^t§ 4^2 + 8*2,2*3,4X3 + 10*2, 2 X§ + 30x 2 x| ) + e 5 W (19*1, 1*3,4 

V 3 5 5 / 

at on «/ ( 406 5131*3 4 
+ 54*3,4x1 - 60xix 3 ) + e 6 W (54*2,1 + 7t|, 2 + 42t 2 ,2X 2 - 108x?.) + e 8 '^ I 472t 3 , 2 - —* 3 , 3*3,4 

\ f 6760 

+ 960*3,3X3 + 120t 2 , 4 X3 + 990t3,4X 2 + 1500x1 J + e wt »A I — * 2 ,2*3 ,4 - 604* 3 , 4 x 2 - 2930* 2 ,2X 3 - 1800x 2 X3 



n, 14, ( 91584*1 4 \ 
+ e llt »A (-641*i,i + 2970xi ) + e 14 W I -48924t 3 , 3 H g-ii - 121722* 3 , 4 x 3 - 244440x1 I 

+ e 16t "A (157950*2,2 - 94122x 2 ) + e 20i ^ (2898126*3,4 + 15130620x 3 ) - 377238060e 26t ^ . 



4 5 = 0, 0§ s = 0, 055 = 0. ^56 = 3e 3i ^ , 056 = 0, 0l 6 = 

; 3 ' 

'6*3,3 , 6*3,4 



057 = 7 e3 * MA *3,4 - 225e 9 W , = 8e 4 V A , $\ = 0. 
5 
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e 5 *^A (15*2,2 + 27x 2 ) - 615e 9 W t 3 , 4 + 56640e 15t ^A . 



^ 2 8 = ^ e 4 W *3,4 - 1000e 10t ^ , </, 3 8 = £i + 54e6t , A 
5 5 
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12 4*q 

-xix 3 + e At »A ( -6t 3>2 - -g-t 3 , 3 *3,4 - - 18*3,3X3 - y*§,4*3 - 24* 3 , 4 x§ - 30x1 ) + e 5t ^A (12*2,2*3,4 



il _ , „3t„ 



- 36*3,42:2 - 30*2,2^3 - 180x223) 4- me m ^A * M + e 9t "A (1080* 3 ,3 4- 660*3,4 4- 6210* 3 , 4 x 3 + 6000x1) 
+ e lu ^A (690*2,2 4- 12240x2 ) 4- e 15 '^ (-341088* 3 , 4 - 712530x 3 ) + 29208000e 21 *f a , 

059 =e^A (-t M -2xi) + e 4 ^A ^-4*3,3 - - 48*3,4X3 - 60x§j + 84e 6 ^A*2,2 

+ e 10 W (2420*3,4 4- 12000x 3 ) - 474660e 16tf, A , 

$? 9 = e 2 W (-4*2,2 - 6x2) 4- e 6 *f a (36* 3 ,4 - 300x 3 ) + 14976e 12 '^ . 



066 


= e M ^A 


067 


= e 3t ^A 


(far 


= e At ^A 



6*3,4 



+ 6x3 ) - 480e 3I "A , <pl 6 = 12e 4t f a , 0| g = 0. 



(3* 3* 2 12 \ 
— — 4 — 4 *3,4X 3 4- 3x§ ) 4- e 5t "A (19*2,2 + 42x 2 ) 4- e 9t "A (-858* 3 ,4 - 585x 3 ) + 90144e 15 ^-4 , 
5 10 5 J 



\.r : ) - 1810e 10 W , ^ = ?1 + 60e 6 ^^ . 



,1 1 3t I 9*3 2 3 3*3 4 6 3 2 2 3 

068 = -7X1X3 + e "A -*3,3*3.4 - —7- - 7*3.3X3 - 7*3 4X3 - 3*3.4X3 - 3x 3 

5 V 5 5 250 5 5 

4- e 5 *^ t 2 , 2 *3,4 4- ^*3,4X 2 4- 9*2,2x3 4- 9x 2 x 3 j + 9e 6 W * M + e 9t "A ^159* 3 , 3 + + 255* 3 , 4 x 3 4- 705x 2 

+ e llt *A (-1106*2,2 - 930x 2 ) + e 15 *f a (- 1332 ^ 6t «. 4 _ 37366x3 \ + 375135e 21 ^-4 , 

a? t Ui ( 2xi\ 4t / 4*3,3 6*3,4 6 2 

068 = -— J+e — + ^"5*3,4X3-6x 3 

+ e 6 *^A ^ 114 ^ 2 ' 2 + 27x2 j 4- e 10 W (-274t 3 , 4 + 410x 3 ) + 16148e 16 W , 
l3 'A it ( 4 *2,2 6x2 \ 6t / 54*3.4 „ \ 3804 12t 

-1 1 o It 3t ( ^ 12 2 ^3 4 

<P69 = --*3,4Xia?3 - ^1^3 + e **A (-2*1^*2,2 - 3*1,1X2 - 3^i^ 2 ) + e I --£3,2*3,4 - — ^3,3^3,4 + 6*3,2^3 

O \ O Ao IzO 

6 23 24 \ / 27 27 

--*3,3*3,4X 3 - — *3,4^3 - — *3,4*3 ~ 6*3,4x| 4" e 5t "A 10*2,2*3,3 4- — *2, 2*3,4 4" 42*3, 3 X 2 4" — * 2 , 4 X 2 - 18* 2 ,2*3,4X 3 
O AO O / \ O U 

- 90*2,2X3 - 90x2X§^ + e m »A (30*1,1*3,4 - 60*1,1x3 + 20xix 3 ) + e 7t ^A (l68t| >2 4- 522* 2 ,2X 2 4- 540x?,) 

(301* 3 \ 
-60*3,2 - 42*3,3*3,4 4- + 360*3,3X3 + 1230*1,4X3 4- 4650* 3 ,4X§ 4- 1500xi j + e 11 *^ (-8474*2,2*3,4 

,„. / 236862* 2 



- 16302*3,4X2 4- 5670*2,2X3 4- 3240x 2 x 3 ) - 2712e^^A t 1A + e lot ^A ^4500* 3 , 3 H — - 399738*3, 4 x 3 

- 487740x§ ) + e 17t ^A (683538*2,2 4- 1398690x 2 ) 4- e 2u »A (-6361830*3,4 + 31002000x 3 ) + 73886880e 27 *"A , 
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■^*l, 1*3,4 - 1*3,4X1 - *l,ix 3 - 2x 1 x 3 ^j + e 2t "A ^-2t 2 ,i - j + e 4t »A ^6*3,2 + j|*3,3*3,4 

27 \ / 354 \ 
^ + 14*3,32:3 - — t§, 4 x 3 - 36*3,4x1 - 30x| J +e 6t ^A ( _ t2 2t3 4 + 108* 3 , 4 x 2 + 54*2, 2 x 3 + 180x 2 x 3 J 

+ e 7t "A (68*1,1 + 40xi) + e 10t "A (-370*3 3 - 683*§ 4 + 2270* 3i4 x 3 + 9000x|) + e 12 *^A (-12570* 2 , 2 
- 23760x2 ) + e 16t »A (165932* 3 , 4 - 452490x 3 ) - 3828000e 22t ^A , 

*69 = e2t " A (~^*2, 2 *3,4 - ^* 3 , 4 x 2 - 2* 2 , 2 x 3 j + e 3 W (-9*i,i - 6x1) + e m "A (36*3,3 + 18*§, 4 - 18* 3 , 4 x 3 - 300x§) 
+ e 8 *f a (836*2,2 + 1200x 2 ) + e 12t ^A ^_ 6332 4*3,4 + 2 Q988x 3 j + 492660e 18t ^A . 



. 12* 3 2 12 2*1 4 18 3 , 12 2 s \ Bt /28 

'77 - --X1X3 + e f A I -J — *3,3*3,4 _ g-*3, 3 X 3 - -^gHA X3 ~ y*3,4X 3 - 6X3 I + e "A I -g-t 2 , 2 *3,4 



24 
~5~ 



*3, 4 x 2 + 26*2,2x3 + 12x2x3 j + e 6 '^A (36ti,i + 32xi) + c 9 'ka ^102t 3 , 3 - _ 90*3,4x3 + 750x 2 \ 



+ e llt "A (-1854*2,2 - 1260x 2 ) + e 15 W ^ 1266 ? 8f 3,4 _ U474x[i j _ i 2 20640e 21t "A , 



, , / tn 2xi \ 4f / 12*3 3 14 *§ 4 8 ,\ 44 Bf 

- = {~t-—)+ ^ A {^--t- + 4 ^J + Y e > A ^ 

- e 10 *^A (-172*3,4 - 420x 3 ) + 16884e 16 W , 

x \ it I 4 *2 2 6x 2 \ at , , 4104 12f 

77 = -2. + e 2 >A 111 1 + e 6 W (12*3 4 - 8x3) e 12t ^A . 

5 V 5 5 / 5 

1 1 1 2 2t ( 2 3 6 \ „ / 6*3 3 6 9 2 

'78 = *3,4XlX 3 - -X1X3 + e ^A I — -*l,l* 2 , 2 - -*1,1X 2 - -XlX 2 j + e "A I —J — 13,2*3,4 _ _*3 j3 * 3 ^ 

4*3 4 6 33 6 st ^3 11 2 27 159 2 

"l2t + 2l* 3 ' 3 ' 3 ' 4 " 3 " llH* 3 ' 4 " 3 + 5* 3 ' 3 " 3 + & " A { ~t 2 ' 2t3 ' 3 + TO* 2 ' 2 * 3 ' 4 + Y' 3 ' 3 " 2 + lb"' 3 ' 4 " 2 



24 
~5~ 



54 2 2^ 6t /84 96 \ 

*2, 2*3, 4X3 + —*3, 4X2X3 + 7t2,2X 3 + 15X2X 3 I + e M A I —ti, 1*3,4 + — *3, 4 Xl + 15*1,1X3 + 47xiX3 I 



; ->'7, , d.'-i \ Qt / 384 866*2 4 849 , , , 

+ e A [ ~ y*2,2X2 1 + e 9t ^A I 87*3,2 - — * 3 ,3* 3 ,4 r^p 1 " 156*3,3x3 - — *i, 4 x 3 - 228*3, 4 x| + 105x| 



+ e lu »A 



( 2531 \ 12f / 14202*ii \ 
( — *2, 2*3,4 - 1365*3,4X2 - 1670*2, 2 x 3 - 2370x2X 3 J +e 12 '^A / _ — : 4000xij 



15t / / 68847* 3 3 217941t 2 4 287124 i7t / 404558*2 2 N 

+ e lj *f a 2il -| ±± h * 3 4 a;3 + 8757x1 + e m "A fi£ + 141738x 2 

\ 5 10 5 / \ 5 / 

+ e 21t "A (-3840648*3,4 - 3069810x 3 ) + 175921251e 27 '^A , 
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/ 1 2 1 2 \ n+ ( 2*2 1 *2 2 I At f 16 

$ s = e^A ( __ tl lt3i4 _ — t 3 , 4 xi - -*i,ix 3 - -X1X3 ) +e M »A 1 " -> 



25 ' ' 25 ' 5 ' 5 



,\ cf /174 54 114 \ 7f ( 353<ii \ 

,4X3 -4x§ I +e M "A f — 12,2*3,4 + y*3,4X2 + — *2,2X 3 J +e ?t "1 ( g-=- + 94xi J 



+ e 10 '^ ^-298*3,3 - 13 °^ 3,4 - 572t 3 , 4 x 3 + 290x§^ + e 12t ^A (-2134t 2 , 2 - 2025x 2 ) + e 16 '^ (74992* 3 , 4 + 30398x 3 ) 
- 4046580e 22 *f a , 

,o 1 2 x? 2t / 4 6 4 \ 3t / 12<ii 12xi \ et ^54t 33 

tfs = ^3,4X1 + J+e»MX (-_ t2 , 2t3 , 4 -- t3 ,4X2- ^2,2X3) + e»M. _ _ j + e «M. ^ 

147*1 4 66 ,\ 8i / 358i 22 \ i 2 t / 54654t 3 4 3079x 3 \ s( 



r .f t ,,«-^) + e....(25£M +Mra ) , = . 



') 



,! 1 1 2 2 2 3 2t / 4 6 6 

<f>79 = — -*3,3X1X 3 — — * 3 4 X1X 3 — -* 3 ,4X1X 3 — X1X 3 + e ^A I — -ti 1*2 ,2*3,4 — 1*3, 4X2 — -*3. 4X1X2 — 2*1 1*2,2X3 

5 50 ' 5 V 5 5 5 

)/ g ^ 2 2*^ 

+ e 3 W ( -3t 2 i - -*3,2*3,3 - — *i 3 *3,4 - — *3,2*| 4 ~ 7^*3.3*1 4 ~ "T^T 
V 5 25 25 25 625 

18 12 12 11 12 

+ 8*| 2 X 2 + 24*2,2x1 + 18^2 - -rtl,3 x 3 + —*3, 2*3,4X3 - — *3, 3*3,4^3 - — * 3 , 4 X 3 + 6t 3 ,2X 3 - — *3,3*3,4X 3 

8 3 "N / 36 112 72 

— — *| 4^3 ~ 6* 3 . 3 xg - -t\ A X% + e 5t »A 2*2.2*3,2 + — *2,2*3,3*3,4 + — *2,2* 3 4 + 12*3,2X2 + —*3, 3*3,4X2 
25 ' 5 ' / V 5 75 5 

116 3 2 144 , 2 2 3 3 

+ TT7~*3 4^2 + 52*2.2*3,3X3 + 12*2,2*3 4^3 + 24* 3 . 3 X2X 3 H — * 3 4 X2X 3 + 16*2, 2*3, 4X 3 + 24*3,4X2X 3 - 10*2. 2X 3 - 60X2X 3 

25 5 

fit ( 168 9 144 , , 9 \ 

+ e bt f a (96*1,1*3,3 + 1*3,4 + 96* 3 , 3 xi + — *§, 4 xi + 90*i,i* 3 , 4 x 3 + 257* 3 , 4 xix 3 + 60*i,ix§ + 300xix§ J 

7t ( 84 1656 , , \ Rt 

+ e » A ( — g-*2,2*3,4 g-*2,2*3,4X2 - 432* 3j4 x| + 118t§ j2 X 3 + 312*2,2X2X3 + e 8 '"A (424*1,1*2,2 + 480*2,2X1 

+ 780*i,iX2 + 1575xix 2 ) + e 9 W ( -264*§ 3 - 6*3,2*3,4 - : ^*3,3*§ 4 - M56t3 ' 4 - 720* 3 , 2 x 3 - 516* 3 , 3*3,4x3 

V 5 ' 25 

- 384*1,4X3 - 120* 3 , 3 x| - 24*§, 4 x§ + 1590t 3 , 4 x§ J + e n W ( -5028t 2 , 2 *3,3 - : ^ L y^*2,2* 3 ,4 - 7362t 3 , 3 X2 



14571 , , ,\ 12f / 120024 
— * 3 .4X2 - 15608*2,2*3,4X3 - 15744* 3 , 4 x 2 x 3 - 4060* 2 ,2X 3 - 510x 2 x| J + e 12 *^ ( — *i,i* 3 , 4 - 36000* 3 , 4 xi 

- 12912*i,ix 3 - 41388xiX3^ + e 13t ^A (-6918*1,2 - 3294t 2 ,2X 2 + 16524x2.) + e 15t *A ^14292* 3 , 2 + 873846 1 3 , 3 t 3 , 4 

2109309*| 4 \ / 5938786 

H — + 87942* 3 3 x 3 + 286941*| 4 x 3 - 44814t 3 , 4 x§ - 168660x§ + e 17t »A *2 2*3 4 + 1473906* 3 4 x 2 

9.5 / V 5 



+ 1595538* 2 , 2 x 3 + 1224180x 2 x 3 j + e 18 W (2077020*i,i + 3564000xi) + e 21t ^A (-14782620* 3 , 3 - 31873638*|, 4 

-42125310* 3 , 4 x 3 + 8344500x§) + e 2:it "A (-97157950*2,2 - 110617962x 2 ) + e 2rt ^A (3797143338t 3 , 4 + 1547617680x 3 ) 
- 136685952000e 33t ^A 



PRIMITIVE FORMS FOR AFFINE CUSP POLYNOMIALS 



47 



l2 t ( 1 1 , 2 1 2 2 4 2 2^ 

7 g = e 'A ii 3 3 - t\ \t z 4 - -*3,3Xi - — * 3 4 X1 - -*1, 1*3, 4X3 ~ ~*3, 4X1X3 ~ t l,l x 3 ~ 2xiX 3 

V 5 50 ' 5 25 ' 5 5 / 

+ e 2t ^A ( --* 2 ,1* 3 ,4 - 7^*1 2*3,4 - 2*2. 1X3 - it| 2 X 3 + 4* 2 ,2X2X 3 + 6x|x3 ) + e 3 *"A (-7*1,1*2,2 - 6*2,2^1 - 6*1,1X2 
V 5 15 ' i ' J 

At I 4 , 12 16 , *3 4 16 63 o 

- I6X1X2) + e 4t ^A --t§, 3 + — *3,2*3,4 + 777*3,3*3,4 + "777" + 18*3,2X 3 + — *3,3*3,4X 3 + -*3,4^3 + 20* 3 , 3 x| 

600 o\ 6t /184 732 2 288 , 458 

7*3,4X3 - 12*3,4^ j + e Bt ^ ( — *2,2*3,3 + — *2,2*3,4 + 48*3,3X2 + — *3, 4 X 2 + — *2,2*3,4X 3 - 36*3, 4 X 2 X3 



5 " ' V V 5 ' ' 25 ' ' 5 °' 5 

1561 , 
~~ 5~ 



+ 44*2,2x| ) +e 7t "A 



-*l, 1*3,4 + 514*3,4X1 + 228ti,iX3 + 600xix 3 j + e 8t "A (120*2,1 4- 128*2, 2 + 144t 2 ,2X 2 ) 



in, / 5166*3 4 
+ e 10 **^ I -780*3,2 - 1956*3,3*3,4 - 2280*3,3X 3 - 2608*1, 4 x 3 + 260*3,4X3 + 3750x| 

+ e 12t fA (-18148*2,2*3,4 - 23604*3,4X2 - 25060* 2 ,2X 3 - 3996x 2 x 3 ) + e 1M "A (-46692* M - 82776xj) 

( 2668822*2 \ 
+ e lbt ^A 300708*3,3 H — + 677214*3, 4 x 3 - 257400x1 + e 18 W (2113848*2,2 4- 2138400x 2 ) 



+ e 22t »A (-80787900*3,4 - 28500750x 3 ) + 3363095520e 28t ^A , 

,3 2, 4 2 , 6 3 2 4 ,\ s* / 18 12 

P?9 = e 'A --*2, 2*3,3 - — *2,2*3,4 ~ ~*3,3^2 - — *3,4 :r 2 - -*2, 2*3, 4X3 - 2t 2 ,2X 3 I + e "A - — ti^t^i -*3,4Xl 

y O O O / y O o 

A t ( 4*2 2 ,\ fi , / 156 142*| 4 108 9 

- 6*1,1x3 ) + e 4 W I -16*2,1 + — ^ - 2*2,2X2 - 12x1 1 + e " A I 24 *3,2 4- — *3,3*3,4 + ' - 24* 3 , 3 x 3 + — *|, 4 X 3 

- 78* 3 , 4 x§300x|j + e 8t "A ^^^*2, 2*3,4 + 678t 3 ,4X 2 + 1224*2, 2 x 3 j + e 9t *A (2559*i,i + 3150xi) + e 12t *A ^_ 65124 *3,3 

289362t| 4 6 7224 ,\ , lt 

— *3,4X 3 + 32988x| + e 14t ^A (-101052*2,2 - 101232x 2 ) + e 18 *f a (2974884t 3 , 4 - 24060x 3 ) 

25 5 / 



5 



1 1 1 2 2 2 1 3 It ( 4 6 12 

= ~~^ t3 ' 3XlX3 ~ 250* 3 ' 4:ri:r3 ~~ ^ t3 ' 4XlX 3 ~ ^ x l x 3 + e " A 1-^*1,1*2,2*3,4 - —*1, 1*3,4X2 - — *3,4XlX 2 

2 3 3 12 \ / 3 12 6 6 

-7*1, 1*2,2X3 - -*2,2XlX 3 - -*i, iX 2 X 3 - — XiX 2 X 3 I + e 3 W I --*i,i - — *§,3*3,4 + — *3,2*§,4 ~ — *3, 3*3,4 
O o O O / y O J.ZO J.ZO O.ZO 



2*34 8 9 2 4 2 18x2 62 12 , 21*34X3 12 2 24 , „ 
— + -*2 2^2 H *2 2Xo H H *3 3X3 H 1 3 3*3 4X3 H ■ 1 * 3 3*3 4X3 H 1% 4X3 

3125 5 2,2 5 ' 2 5 25 3,3 125 ' 3,4 1250 25 ' ' 3 125 3,4 3 

6 o 9 2 ,\ Bt / 6 26 17 3 18 102 

-*3,3^3 + Tj^*3,4^3 J + 6 ( "-*2,2*3,2 + — *2,2*3,3*3,4 + — *2,2*3,4 ~ y*3,2X 2 + — *3, 3*3,4X2 

141 3 16 96 2 36 2 66 2 2 3 

+ T7T7*3 4 :E 2 + — *2, 2*3, 3^3 4- — *2.2*3 4^3 + 12*3, 3 X 2 X3 + — * 3 4 X 2 X 3 + —*2, 2*3, 4X3 + 18*3,4X2X3 + 12* 2 ,2X 3 + 18x 2 X 3 
125 5 25 5 5 / 

et A 2 48 2 288 2 144 343 , 2^ 

+ e f a —ti, 1*3,3 4- — *i,i*3 4 + -7^*3 4^1 H — — *i, 1*3,4x3 + -— *3, 4x1x3 + 18*i, 1x3 + 62xix 3 
V 5 5 ' 25 ' 5 5 / 

7t / 414 2 2826 648 2 42 2 108 \ 8t / 104 

+ e MA -TT^*2,2*3,4 —*2, 2*3, 4X2 ^*3,4X 2 ^*2,2 :E 3 — *2, 2X2X3 I + e ——^^2,2 + 6*1,1X2 

\ 25 25 5 5 5 / \5 



\ ,, / 36 2 294 1356 , 499*| 4 1572 4218 3 

+ 129X1X2 I + e 9t »A I g"*3,3 + — *3,2*3,4 " — *3,3*3,4 ^ " — *3,3*3,4X 3 " ^-*3,4^3 " 300* 3 , 3 x| 

, 2 3\ nt / 1338 1581 , 2 9536 

- 486*|, 4 x§ - 468*3,4x1 J + e 11 '^ ( _* 2 , 2 *3,3 + ——t 2i2 t? iA - 936*3, 3 x 2 4- 702*|, 4 x 2 g-* 2 ,2*3,4X 3 

2 2 \ ,0* / 64104 23952 57378 \ 

- 3084*3 4x2x3 - 3202*2 2X3 - 3840x 2 x| + e 12t "A * x 1*3 4 - 4800* 3 4X1 *i 1X3 X1X3 

/ V 25 5 5 / 
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/ 12132* 2 2 60246 57024x 2 \ ,,, / 35256t 3 2 584526 1315567i| 4 

*2,2X2 + —l\+e 16t fA[ + _ *3,3*3,4 + 



\ 5 5 5 / V 5 25 ' ' 125 

244866 2187471 2 691266 , .A 17f / 967924 459714 

+ t 3 , 3 x 3 + — tg 4 x 3 + t 3 ,4xg + 39012xg + e 17 W ^_ t2 2 t 3 4 t 3 , 4 z 2 

5 25 5 / V 25 5 

1304718 \ lst , 21t / 15303492* 2 4 
H * 2 ,2X3 + 323604x 2 x 3 J + e 18 ^-4 (215772t M + 500000xi) + e 2u "A I -2200020* 3 , 3 ^ 

2 \ 23t / 3189792x 2 \ 27t / 2026944318*3 4 \ 

- 14407686*3,4X 3 - 8280720xg 1 + e 2M »A I -2026918*2,2 - \ + e 27t ^A I _ ±1 + 675234492x 3 J 

- 17094510720e 33i ^A , 

,2 t ( 1 1 2 2 1 2 2 4 1 2 2 2^ 

<P88 = e " A I -— *1,1*3,3 - 7^*1.1*3,4 ~ 7^*3,3^1 ~ ^2^*3,4^1 - — tl,l*3,4X3 - — * 3 ,4XlX 3 - -*1,1X 3 ~ gXlX 3 J 

2t ( 4 2 9 2 1 2 4 6 , \ 3t / 7 6 

+ e " A -— *2, 1*3,4 - 7^*2,2*3,4 - -*2,lX3 - — *2,2 :c 3 + -*2,2^2^ 3 + ~ :r 2 :c 3 I + e ^ --*1,1*2,2 ~ -*2,2Xl 

6 24 \ 4t / 4t§ 3 12 16 2 n *3 4 6 76 

--*1,1X2 - — xix 2 J + e — -i- + —£3,2*3,4 + t 3y3 t 3A + ' + -* 3 , 2 X 3 + — * 3 ,3*3,4X3 

3 2 78 2 2 24 3^ 6t ^304 252 2 156 36 2 

* 3 ,4^3 + 4*3,3^3 + 7^*3,4^3 + y*3,4X3 ) + e " A ( — *2,2*3,3 + 7T7g*2,2*3,4 + — *3,3^2 + y* 3 ,4^2 



64 
125 

258 108 144 2^ 7t / 1811 686 538 

+ — — *2,2*3,4X3 — *3, 4x2x3 + -—t 2i2 x 3 J + e — —*i, 1*3,4 H — *3,4Xi H — (1,1x3 + 124xiX3 

25 5 5 / V 25 5 5 

8f / 274f| 2 684 „\ i 0f / 4604 15854* 3 4 



+ e st f a 124t 2i i + lr ' + — *2,2X 2 + 243x^ + e lm »A -256* 3 .2 — *3,3*3,4 — — - 1212* 3 . 3 x 3 

15 5 / \ 5 75 

+2 1 ooa+„ . ™ 2 _ 71 rw 3 i i „12t 



16552 9504 

- 930t^ 4 x 3 - 1928t 3 , 4 a;^ - IWxU + e lzt »A I — 1 2 ,2*3,4 - 7896i 3 ,4^2 - 4452t 2 ,2X 3 + — g-s 2 X3 

,o, / 65962tii 114756xi \ 1Bt / 660536t 3 3 3543388t§ 4 1320902 9 \ 

e 13t "A ill i + e 16t "A ^ + H t 3i4 a;3 + 161904x§ 

\5 5 / \ 5 25 5 J 



+ e i8t Mj4 ^ 22 45908t 2 , 2 + 705gg8:E2 j + e 22t MA (_23681508t 3 , 4 - 15860810x 3 ) + 1067265624e 28t ^^ . 



1 2 1 2 2 2 3 ^3 2t ( 4 2 2 6 3 2 



-* 3 , 3 X3 H io 4 XS H * 3 ,4« + — + e""f A 1 2 ,2*3. 3 *2,2*3 4 * 3 , 3 X 2 K 4X2 

25 ' i 250 iA 3 25 ' 3 5 V 2 5 125 ' A ' 25 ' 125 31 

8 2 \ 3t / 24 24 12 \ 4t / 2 4*2 l 18 36x5; \ 

-— *2,2* 3 ,4X 3 -t 2 ,2X§ J +e d ^A f __t ljlt3 4 _ —t 3 ,iX\ - —tl,lX Z \ +e 4t »A I -J g-t 2 ,2X 2 J 



6t , 36f 3 2 2 64 48*3 4 252 2 53 2 3 \ 8t / 1316 

. e 6t„ A j _^ + _ t3]3t3]4 4- _|i± + 12*3,3x3 + ^r* 3 ,4X 3 + y* 3 ,4^i - 2 6xl J + e 8t »A l—t 2a t 3A 



762 
~5~ 



628 \ m ( 1281*i i \ i2t f 4 9104* 3 3 240552*§ 4 83208 2 \ 

*3,4X 2 + — *2, 2 x 3 + e 9 *"A + 258xi + e 12t "A _M _ ill tt^*3,4X 3 - 6x| 

5 / \ 5 / y 25 125 25 / 

,x (- 4441 5 2 * 2 - 2 - IlH^i) +e 1 "^ ( 18154 5 68t: ^ + 173128x 3 ) 



83805096 24t 
e . 
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.2 

'3,2 



1 1 1 2 2.3 

089 = -7*3, 2X1X3 - — *3, 3*3,4XlX 3 - 77777*3, 4X1X3 — -*3,3XlX§ ~ — *|, 4 X1X 3 - -*3,4XlX 3 — X\x\ 

2t / 4 4 2 6 6 2 6 6 2 6 

+ e M ^ I — -tl, 1*2, 2*3,3 — 777*1, 1*2, 2*3 4 — 7*1, 1*3, 3X2 — — *1,1*3 4X2 — 7*3,3X1X2 — — *3 4 X1X2 — 7*1, 1*2, 2*3 
V 5 25 5 25 5 25 ' 5 

9 9 36 o 2 2 2 \ 3/ / 6 

*2 2*3 4X1X3 *1 1*3 4X2X3 *3 4X1X2X3 — 2*1 1*2 2^3 — 2*2 2XlX 3 — 3*1 1X2X3 — 12xiX2X 3 + e 'I * 

5 5 5 / \ 5 

9 2 18 12 2 2 1 3 6 4 2t 3 4 24 2 72 2 54 3 

~ g*l, 1*3,4 - — *3, 2*3, 3*3,4 ~ — *3, 3*3,4 ~ 77g*3, 2*3,4 ~ ^ t3 > 3 *3,4 _ 7777^7 + 17*2,2*3,4X2 + y *2,2*3,4X 2 + y *3,4X 2 

26 ^2 ^ 2 ^3 ^3 4^3 2 2 

- 3t 1(1 a;3 - -*3, 2*3, 3^3 + — *3, 3*3, 4^3 ~ ~*3, 2*3, 4^3 + —77*3,3*3,4^3 H TTTT ^1^^1X3 + 8*2,2^2^3 + 24t 2 ,2^2^3 

+ 18x|x 3 - ^*3,2*3,4xi + i|*3,3*3,4^3 + ^3,4^3 + j|*3,3*3,4x| + ^*3,4^l) + ^"A ("4*1,1*1,2 + 6*1,1*2,2X2 

9 9x r rf / 9 18 74 9 36 4 84 , 

+3*2,2X1X2 + 18*l,ixl - 9xixl) + e Jt "A 4*2,2*3,3 + — *2,2*3,2*3,4 + —*2, 2*3,3*3,4 + 7777*2,2*3,4 + "T*!^ 



246 2 144 4 144 236 3 288 72 3 

+ -rr-*3.3*3 4X2 + 7777*3 4X2 — 6*2,2*3,2X3 H —*2. 2*3, 3*3, 4X3 + — — *2,2*3 4X3 H — *3, 3*3, 4X2X3 + — * 3 4X2X3 

25 ' 125 ' 5 25 ' 5 5 ' 

+ 28*2,2*3,3x1 + ^*2,2*3,4^3 + 60*3,3X2x1 + ^*§, 4 X2X§ + 54*2,2*3,4x1 + 72* 3 ,4X 2 x|^ + e 6t ^A ^6*1,1*3,2 

288 412 , 288 432 , 1023 , 

+ —*1, 1*3, 3*3, 4 + —tl, 1*3,4 + —*3, 3*3, 4X1 + — t 3 , 4 Xl + 105*1, 1*3, 3X3 + ——*1, 1*3, 4^3 + 161*3, 3X1X3 
O D -LU 

1969 9 9 9 o -A 7f /226 , 1089 , , 

+ -T77-*3 4*ix 3 + 210*1,1*3,4x1 + 442*3,4Xixl + 135*i,ix§ + 375xix§ + e 7 W —t\ 2 f 3 , 3 - ——t\ 2 *1 4 

10 / \ 5 ' 25 

264 8226 2 , 1944 2 2 6 , 2304 2 , 2 

+ -^*2, 2*3, 3X2 — - *2,2* 3 4^2 + 72*3, 3 X 2 — * 3 4 X 2 - -* 2 2*3,4X3 — *2, 2*3, 4X2X3 - 648*3,4X3X3 + 198* 2 2^3 

5 25 5 ' 5 ' 5 

,\ o, / 1432 

+ 252*2,2X2x1 I + e m »A I ——t ltl t 2 ,2t 3 ,4 + 288*2,2*3,4X1 + 138*1,1*3,4X2 + 1065*3,4X1X2 + 639*1,1*2,2X3 

+ 1026*2,2x1x3 + 1125*1,1x2x3 + 4500xiX2X3 j + e 9t ^A ^105*?, 1 - 144*1,2 + 282* 3 , 2 *3,3 - 312t§, 3 * 3 , 4 + 165* 3 ,2*!, 4 
884 , 3722*| 4 

*3,3*3 4 — - 810*2,1X2 - 1749*1 2^2 - 5112*2,2x1 - 4320x5 - 810* 3 ,ix 3 - 543*1 3 x 3 + 336* 3 , 2 *3,4X 3 

5 ' ' 125 

6867 , 7157 499 7064 , , , , , , 

*3 3*1 4 x 3 1| 4X3 - 1410*3 2x1 - 2592*3 3*3 4 xl *§ ±x\ - 3360* 3 3 x§ - 2394*1 4 x§ - 3240* 3 4 x| 

5 20 5 

rA ii t / 26846 31369 „ 50232 50168 , 

- 4050x^ + e 1U »A -118*2,2*3,2 — *2, 2*3, 3*3,4 + ——*2, 2*3,4 + 2118* 3 ,2X 2 — *3, 3*3,4X2 + — — *|, 4 X 2 

/ \ O I o o 

46044 2 37944 , 223 

- 7068*2,2*3,3x3 *2,2*1 4 x 3 - 16704*3, 3x2x3 *1 4x2x3 - 22822*2,2*3,4x1 - 29256*3,4X2x1 + 740* 2 ,2X 3 

5 ' 5 ' 

,\ i 2t / 50424 369624 , 2 242061 

- 11760x 2 xl + e Lit ^A ti, 1*3,3 *l,l*l 4 - 12000*3,3X1 - 25200*1 4 xi *i, 1*3,4x3 

/ V 5 25 5 

550014 9 ,\ r „ / 88006 , 660918 

*3 4x1x3 - 23112*1 ix§ - 77512xixl + e 13 W 9720t 2 1*3 4 H *1 2 *3 4 H *2 2*3 4x2 

5 /V 5 ' 5 

849672 , 9 9 \ 14t 

H - — *3,4xl + 12150*2,1X3 - 15533*l, 2 x 3 + 19536*2,2X2X3 + 57024x1x3 J + e 14 '^ (-33778*1, 1*2,2 - 60000t 2 ,2Xi 



353112 . . . 4588314 . , 2 4335086* 3 4 



i W / 9 353112 4588314 
- 30264ti,iX2 - 243192xix 2 ) + e lot »A I 48600t 3 ,i + 56700*1, 3 *3,2*3,4 H *3,3*i 



■A 



5 " t "^' J " ' 25 -" 3 3 ' 4 ' 125 



2899374 8402551 ., , 4278966 , , , A \ 

+115494*3,2X3 H *3,3*3,4X 3 H *| 4 x 3 + 634248*3,3x1 + *§ 4 x| + 1039614* 3 . 4 xl + 1053000x| 

5 25 1 5 ' / 
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m / 2736506 2065049 , 5167743 , 11899794 

+ e " A ~, *2,2*3,3 — (2,2*3 4 + 1223070*3,3X2 " *§ 4^2 + " *2,2*3,4X 3 

V 5 25 5 5 

+ 2418840*3,4X2X3 + 873698*2,2X3 + 2627220x 2 x§ ) + e 18t "A (2880264*i,i* 3 , 4 + 6638400t 3 , 4 xi + 3090885*i,ix 3 



+ 9691725xix 3 ) + e 19 W (-1117800*2,1 - 688278*1,2 - 7162794t 2 ,2X 2 - 9575280x1) + e 2u »A ^584970*3,2 

81542494t| 4 \ 
- 38455356*3,3*3,4 — - 57636180* 3 , 3 x 3 - 102794646*3, 4 x 3 - 158851140* 3i4 x| - 131244600x1 J 



23* ( oaoT7ioa 253873764 



+ e MI ^ ^-28927128* 2 ,2*3,4 + """" 5 "' " ' * 3 , 4 x 2 - 113054640*2,2X 3 - 177923952x 2 x 3 J + e 2At »A (-155768424*1, i 

,„ / 18908795082*2 \ 
- 445500000xi ) + e nt »A I 2424423000t 3 ,3 H + 12444036816*3, 4 x 3 + 10511125560x3 1 

+ e 29t f a (2803944506*2,2 + 2255008080x 2 ) + e 33 W (-388000760040* 3 , 4 - 545906954550x 3 ) + 14162630484960e 39 *f a , 

,2 t ( 1 1 1,2 2 1,2 

»89 = e MA I 1*3,2 - — *1, 1*3, 3*3,4 - — *1, 1*3,4 ~ -*3,2Xl - — *3,3*3,4Xl - — * 3 , 4 Xl - -*i, 1*3, 3X3 



2 2 4 4 2 3 2 6 2 3 3^ 2t 4 

-—*l, 1*3, 4^3 — -*3, 3X1X3 - — * 3 , 4X1X3 — -*1, 1*3, 4X3 - -*3, 4X1X3 — *1,1X 3 — 2xiX 3 I + e ^A I --* 



^2 ^2 ^22^ "^"2 ^" ^ "^"^ 2 2 ^ 2 2 

" 77*2,2*3,3 - — *2,1*3,4 ~ 777*2,2*3,4 — 7*2, 1*3,4X3 - -*2, 2*3, 4X3 + —*2, 2*3, 4X2X3 + — *3,4X 2 X 3 - 2* 2 ,lX 3 — -* 2 ,2X3 
lu £o (o O O O O o 

2 2 2^ 3t /" 21 18 18 48 

- 4*2,2x2X3 + 6x 2 x 3 + e ^ A I — *1,1*2 ,2*3,4 — *2, 2*3, 4Xl —*1, 1*3, 4x2 — *3,4XlX 2 - 6*1 ,1*2,2x3 

/ V 5 5 5 5 



\ it ( 9 2 *2 2 8 4 9 6 , 76 , 

- 4*2,2X1X3 - 48X1X2X3 + e A -10* 2 ,i - 4*2,1*2,2 7+" + -*3, 2*3,3 + r*3,3*3,4 + 777*3,2*3,4 + 7777*3,3*3,4 

7*3 4 2 142 2 71 4 2 168 2 

+ -77777 8*1. 1X1 + 24*3.iX 3 + 8*3 3X3 + 6*3,2*3,4X3 + — — *3,3*3 4^3 + 7777*3 4^3 + 54t 3 ,2X 3 + -— *3. 3*3, 4X3 

625 25 ' 125 ' 5 

138 , 2 , 144 2 3 4 ,\ at ^204 1164 1084 , 

+ — *3,4^3 + 92*3,3X§ + — *|, 4 X3 + 96* 3 , 4 x| + 120x| + e bt *A t 2 ,2t S ,2 + — — *2,2*3,3*3,4 + — — *2,2*3,4 

O / \ O J.ZO 

468 468 , 78 1113 2 252 , 42 , 

+ 54*3,2X2 + -— *3, 3*3, 4X2 + -77*3 4^2 + — *2, 2*3. 3X3 + — 7— *2,2*3 4^3 + 72*3, 3 X2X 3 — * 3 4 X 2 X 3 + — *2, 2*3, 4X3 

5 25 5 25 5 5 

2 -A 7t /1391 12587 9 1969 , 2774 

- 108*3,4X 2 x| - 186*2, 2 x§ + e 7t " a — d^fe^ + — — — *i,i«3 )4 + 322* 3 , 3 xi + — — t|, 4 xi + ——*i, 1*3,4x3 

/ \ O ok) O u 



, 9 \ st / 482 9 2592 , 

-884*3,4X1X3 +213tl,lX§ +750X1X§ J +e 8t »A ( 596*2,1*3,4 + — *1, 2*3,4 + —g—*2,2*3,4X2 + 972*3,4x1 +390*2,1X3 



59*2, 2 X3 - 600*2,2x2x3 - 1440x^X3^ + e yt »A (1416*i, 1*2,2 + 2052t 2 ,2Xi + 2520*i,ix 2 + 7820xix 2 ) 

lot ( 2 16518 2 4 7047*| 4 

- e lm *A -1440*3,1 - 1648t| 3 - 1988* 3 2*3 4 *3 3*3 4 6630* 3 2 x 3 - 9696t 3 3*3 4x3 

V 5 75 

(72024 
-14532*2,2*3,3 77—*2,2*3 



4 



178704 9 95112 , 9 \ 

-37224*3 3x2 *? 4X2 - 20108*2 2*3 4x3 H *3 4x2x3 + 12050t 2 2X3 + 9504x 2 x 2 

5 5 J 



/ 606656 1100028 \ , Jf / 74872*1 2 
. e^t^A ( *i, 1*3,4 * 3 , 4 xi - 82696*i,iX3 - 155024xix 3 J + e 14t ^A -73424* 2 ,i lr ±=- 



16080922*5 4 

166050*2 2x2 - 213840x1 + e 10t ^A (378972* 3 2 H *3 3*3 4 H — + 1685018* 3 3x3 

' 5 25 
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9 9 \ 18 + ( 24792324 
+ 1682971*l 4 x 3 + 3127632t 3 , 4 xl + 3654120x1 I + e lst "A I * 2 , 2 *3,4 + 10311552* 3 , 4 X2 + 2003564t 2 ,2X 3 

- 554400x 2 x 3 j + e wt ^A (10436151*i,i + 19383450xi) + e 22t *A (-119109720*3,3 - 202718352t§ 4 - 297398170* 3 ,4X 3 

-269136900a;|) + e Mt "A (-363099900*2,2 - 646842240x 2 ) + e 2S *f a (23176371060* 3 , 4 + 15870520800x 3 ) 

- 860105264700e 34 *^A , 



a?_ _ J2t 



4 4 2 , 6 6 



e f 1 a - -* 2 ,2*3,2 - — *2.2*3.3*3,4 - — — *2.2*3,4 - -*3, 2 X 2 - — *3,3*3,4X 2 - -77*3,422 ~ -*2.2*3,3^3 
5 25 375 5 25 125 5 

4 2 6 , -A at ^ 18 18 2 12 12 2 18 

-— t2,2t 3A X 3 - -*2,2*3,4X 3 - 2*2,2X3 I + e fA I — 41,1*3,3 ~ — *1, 1*3,4 ~ y*3,3^1 ~ 7^*3,4^1 - — *1,1*3,4X 3 

9 -A 4+ / 48 4 2 6 36 9 

- 6*1,1X3 + 24xiX 3 + e *M I - — * 2 .1*3.4 + -* 2 2*3.4 - -*2, 2*3, 4X2 -*3,4X 2 - 36*2, 1X3 - 48*2, 2X2X3 

/ V 5 5 5 5 

- 72x^X3^) + e 5 W (-*i,i* 2 ,2 + 6*2,2x1 + 3* M x 2 - 18xix 2 ) + e 6t »A ( -18* 3 ,i + ^£ + 18t 3 , 2*3.4 + ^"*3,3*1 4 

/ \ 5 25 ' 

129*1 4 324 , 222 3 A st /1522 

+ — + 36*3,2X3 + — *3,3*3,4X 3 + 12*1 4X3 - 84* 3i3 x| + 12*1 4^3 - 138*3,4x1 - 300x| + e 8 *f a t 2 ,2*3,3 
100 5 / \ 5 

1447 , 2 5152 2 ,\ 

H *2,2*3 4 + 534*3,3X2 + 231*3 4X2 H *2.2*3,4X 3 + 1296*3,4X 2 X 3 + 1614*2,2X3 - 810X2X1 

25 ' 5 / 



Qt / 7857 \ 1fM / 23 *2 2 9 
+ ( — g— *l,l*3,4 + 2130*3,4X1 +4824*1,1X3 + 180xix 3 J + e wt »A I 6470* 2 ,i ^- + 8548* 2 ,2X 2 + 14820x1 

i 2t / 68424*3 2 568974 660829*1 4 119124 679824 2 36186 , ■A 
+ e 12t ^A I _i£ _ t3 3t3>4 __i g— * 3 ,3X3 — *§, 4 x 3 — *3,4x| + 46488x1 j 

/ 588876 1659996 \ 1st , 

ut ^A ( — * 2 ,2*3,4 *3,4X 2 - 249308* 2 ,2X 3 - 65448x 2 x 3 J + e lj W (-433896*i,i - 486384xi) 



2 



- a ^ a 

V 5 £ 

ist ( 19796394*2 4 
e lm KA I 3490344*3,3 H ^ + 6493320* 3 ,4X 3 - 1275720x1 ) + e 20t "A (16938594*2,2 + 28878030x 2 ) 



e 24t »A (- 3397991478*3,4 _ 292688964:E;! j + 2 9981411520e 30i ^ . 



(8 8 12 

-4*1,1*2,2*3,2 - -*1, 1*2, 2*3, 3*3,4 - — *1, 1*2,2*3,4 ~ 6*1,1*3,2X2 - — *1, 1*3, 3*3, 4X2 

4 3 24 83 9 2 

- — *1,1* 3 4X2 — 12*3,2X1X2 —*3, 3*3. 4X1X2 — — * 3 4X1X2 — 6*1,1*2,2*3,3X3 — -*1, 1*2, 2*3 4X3 — 12*2,2*3,3X1X3 

25 5 25 ' 5 

18 2 27 2 81 2 22 

— *2,2*3 4X1X3 — 9*1,1*3,3X2X3 — — *1,1* 3 4X2X3 — 54*3,3X1X2X3 — * 3 4X1X2X3 — 8*1,1*2,2*3,4X3 — 16*2,2*3,4X1X3 

5 10 5 

- 12*i,i*3, 4 x 2 xl - 72*3, 4 xix 2 xl - 10*1,1*2,2x1 - 20t 2 ,2Xixl - 15*i,ix 2 xl - 90xix 2 xl j + e 3t *A ^-9*? 1*3,3 
27 36 108 81 

- T7T*? 1*3 4 + 24*1 2*3,3X2 + —4 2*1 4^2 + 72*2,2*3,3X| + — *2,2*1 4^2 + 54*3,3x1 + —t\ A X% + 24*1 2^3 
10 5 5 5 

2 96 96 2 2 32 , 64 4 32*1 4 x 3 

- 12* 11 * 3 ,4X 3 + — * 3 , 2*3, 3*3, 4X3 + — * 3 3*3 4X3 + — *3,2* 3 4 X 3 + — *3,3*3 4^3 H "Trr 24*1,1*3,4X1X3 

5 zo zo \2o I0Y0 

+ 32*1 2*3,4X2X3 + 96*2,2*3,4x1x3 + 72*3,4x1x3 - 15t 2 jX§ + 72*3,2*3,3^1 + ^*1 3*3.4x1 + ^*3,2*1 4^3 

5 ' 5 

264 72 

+ "^*3,3*1 4 x§ + 77T7*3 4^3 ~ 30*i,ixixl + 40*1 2^2x1 + 120*2,2x1x1 + 90x1x1 + 54*1 3 xl + 96*3,2*3,4x1 
zq ' 125 ' 



52 



YOSHIHISA ISHIBASHI, YUUKI SHIRAISHI, AND ATSUSHI TAKAHASHI 



354 371 232 \ 

+ — *3,3*1 4^3 + "777*3 4^3 + 120i 3 , 2 :rt + 192t 3 ,3*3,4a;3 + -T"*! 4X3 + 180*3,3X3 + 150*1 4X3 + 240* 3 , 4 xl + 150x1 
5 ' 50 5 / 

+ e 4t ^A (-16*1,1*1,2*3,4 + 24*1,1*2,2*3,4X2 + 24*2,2*3,4X1X2 + 72*1, 1*3,4X2 - 72* 3 , 4X1X2 - 10*1,1*2,2X3 - 20*| j2 XlX3 

(16 
—35*1^*2,2 +8*2,2*3,2*3,3 + — *2, 2*1,3*3, 4 

12 88 8 

+ — *2, 2*3, 2*3 4 + 3T<2,2*3,3*3 4 + 777*2,2*3 4 ~ 30*? 1X2 + 40*1 2X2 + 120*3,2*3,3X2 + 48*§ 3 *3,4X 2 + 36*3,2*3 4 X2 
5 '75 ' 125 

88 „ 24 , , , , , 168 , 

+ — *3,3*3 4^2 + — *3 4^2 + 120*1, 1X1X2 + 120*1 2 x| + 90* 2 , 2 xl + 120*2,2*3 3*3 ~ 96* 2 , 2 *3,2*3,4X 3 + — *2,2*3,3*3 4^3 
5 ' 25 ' " 5 

206 4 , 1116 , 597 4 2 2 

+ 7T7-*2,2*3 4X3 + 180*3 3X2X3 + 288*3,2*3,4X2X3 H — *3,3*3 4X2X3 + — - * 3 4X2X3 - 240*2, 2*3, 2X3 + 64*2, 2*3, 3*3, 4X3 

25 5 25 ' 

+ ^*2,2*3 4X3 + 360*3,2X2x1 + 816*3,3*3,4X2x| + ^-*| A X 2 x\ + 20*2,2*3,3x1 + 6*2.2*3 4X3 + 840*3, 3 X 2 xl 

5 ' 5 ' 

+ 828*3 i4 x 2 xi - 240t 2 ,2*3,4x| + 1440*3,4X 2 x| - 300* 2 , 2 x 3 + 900x 2 x^ + e 6 *f a f 252*i,i*§ j3 - 36*1,1*3,2*3,4 
684 , 543 4 9 864 , 648 A 

+ — *1, 1*3.3*3 4 + "7^*1,1*3 4 + 2 88*| 3X1 + — *3,3*1 4^1 + — *3 4*1 ~ 480*1, 1*3, 2X3 + 522*1, 1*3,3*3,4X3 
5 25 5 25 

+ ^77-*l,l*3 4X3 - 120*3,2X1X 3 + 1356*3.3*3,4X1X3 + 418*1 43133 + 240*1.1*3.3X3 + 576*1,1*| i x 3 + 1440*3,3X1x1 

5 ' 

+ 1536*! >4 xix! + 390*1,1*3,4x1 + 2340t 3 ,4Xixl - 300*1,1X3 + 1200xix| \ + e 7t "A ^576*l i2 t 3 ,2 - ^p*l,2*3,3*3,4 
1896 2 3 7872 16344 , , , 3492 3 2 

— *2 2*1 4 + 1944*2,2*3.2X2 — *2, 2*3,3*3,4X2 77-*2,2*l 4 X2 + 2160*3, 2^2 - 1656*3,3*3,4X2 —t% 4X3 

25 ' 5 25 5 

o 264 14076 o r> 

+ 464*1 2*3,3x3 — *2 2*1 4^3 + 216*2.2*3,3x2x3 — *2,2*1 4X2X3 - 720* 3 , 3 x^x 3 - 2808*1 4x5x3 + 912*1 2*3,4x1 

5 ' ' 5 ' 

- 3312*2,2*3,4X2x1 - 3240t 3 ,4x|xl + 1590*| j2 x| + 360*2, 2 x 2 x! j + e s *f a ^2632*i, 1*2,2*3,3 + ^p*i, 1*2,2*3,4 

+ 2880*2,2*3,3x1 + 864*2,2*3,4X1 + 4560*i,i*3,3X2 - 240*i,i*3 j4 x 2 + 9360*3,3x1x2 + 3624*l :4 xix 2 + 4956*i, 1*2,2*3,4x3 
+ 8496*2,2*3,4X1X3 + 4005*1,1*3,4x2x3 + 27270*3,4x1x2x3 + 7520*1,1*2,2x1 + 10720* 2 ,2Xix! + 8400*i,ix 2 x§ 

+ 32400xix 2 xlj + e 9 *KA f-720t§ >2 - 1440t| >3 + 1845*^*3,4 - 1536*l j2 *3,4 - 360*3,2*3,3*3,4 - ^p*§,3*§,4 
132 3 9312 4 4708*1 4 1 9393 

H *3,2*| 4 *3,3*3 4 — - 13176*1 2 *3,4X2 - 25488*2,2*3,4x1 - 12150*3,4x1 + 3600*| X X3 - 2760*1 2x3 

5 ' 25 125 

, , 27768 , 17038 „ , 

- 6480*3,2*3,3X3 - 9048*1 3*3,4x3 - 3768t 3 , 2 *! 4 x 3 t 3 , 3 t| 4 x 3 1\ 4 x 3 + 3600*i, 1X1X3 - 23180*1 2 x 2 x 3 

5 25 ' ' 

26736 

- 54960*2,2x1x3 - 39600x1x3 - 15360*1 3 X 3 ~ 15840*3,2*3,4x1 - 27360*3,3*1 4^1 4 A x l ~ 24000* 3 ,2xl 

5 

- 61980*3,3*3,4x1 - 24034*! j4 x! - 57600*3,3x1 - 63600*! j4 x! - 93900* 3 ,4xl - 60000x1 J + e 10 *"^ (2680*i,i*l >2 

+7200*l >2 xi + 4890ti,i*2,2X2 + 37380t 2 , 2x1x2 + 3600*1,1x1 + 67680xixl) + e 11 *^ ^-18048*2,2*1,3 

33136 , 140824 42 9 

- 24016*2,2*3,2*3,4 7— *2, 2*3, 3*1 4 + „ r *2,2*g 4 ~ 44640*1 3X2 - 76200*3,2*3,4X2 - 21864*3,3*1 4X2 

5 75 

22852 4 34048 3 
H ** 4X2 + 13920*2.2*3,2X3 - 76608*2,2*3,3*3,4X3 *2,2*1 4X3 - 72000*3. 2x2x3 - 176040*3,3*3,4X2X3 

5 ' 5 

- 12972*! |4 x 2 x 3 - 55960*2,2*3,3x1 - 60164t 2 ,2*!, 4 x! - 261600*3, 3 x 2 x! - 187320*l 4 x 2 xl - 77860*2,2*3,4x1 

., 4 ,\ 19 , / 689688 803796 , 

- 475800*3,4X2x1 + 22200*2,2x1 - 360000x2x1 J + e 12 **^ (l0656*i, 1*3,2 — *i, 1*3,3*3,4 77— *i, 1*3,4 

3 1042074 2 2470608 , 

- 216000*3,3*3, 4 x 1 - 64800*1 4 x 1 - 60816*1,1*3,3X3 *i,i*| 4 x 3 - 230472* 3 , 3 xix 3 t§ 4 xix 3 

5 5 
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- 321888ti,i t 3 , 4 x§ - 910896* 3 ,4Xixl - 21360*1,1x1 - 438120xixl J + e 13t ^A ( -68024*?. 2 t 3 , 3 + 556 ^ 84 t| 2 t§ 4 



3054972 , 2350008 , , , 

- 150792*2, 2*3,3x2 + ; *2,2*§ 4X2 - 160128* 3 , 3 xl + t§ 4 x| + 137048*1 2 *3,4X 3 + 1611144* 2 , 2*3,4X2X3 

5 5 

+1743696* 3 ,4xlx 3 - 204240*1, 2 z§ + 321480*2,2 x 2 xl + 285120x1x1) + e 14 *f a (-493452*1, 1*2, 2*3,4 - 1080000*2, 2*3,4x1 

- 646416*1,1*3,4X2 - 3380736* 3 , 4 xix 2 - 749670ti,i* 2 , 2 x 3 - 1260540* 2 ,2Xix 3 - 665505*i,ix 2 x 3 - 3973590x1X2X3) 

,„ / 2 3 5920416 , 2103912 2 17101296 3 

+ e 1! *»A -193185*? ! + 111840t| 2 + 159408*3,2*3,3 + *5 3 *3,4 + *3,2«j 4 + ~ *3,3* 3 4 

\ 5 5 25 

7979808*| 4 232 23950128 , 

H — + 861840*1 2 X2 + 1547640*2,2x1 + 614790x1 + 1490160*1 3 x 3 + 1577424t 3 , 2*3,4x3 H * 3 ,3*| 4X3 

125 5 

25157276 4 , , 27179808 , , , 2 

+ — *3, 4 x 3 + 2099160*3,2X§ + 10896144*3,3* 3 ,4X§ H *l, 4 xl + 8679420*3, 3 xg + 14474376*1, 4 x| 

4 A 17t / 42484072 35982556 , 

+ 19799760*3,4x| + 11699700x^ + e 17 W 2543256*2,2*3,2 H *2, 2*3, 3*3,4 *2,2*| 4 + 8075160t 3 , 2 x 2 

/ \ 5 25 

, 12508056 n 

+ 19675632*3 3 t 3 4 x 2 - 1700232*1 4 x 2 + 10344384* 2 2*3 3X3 H *2 2*3 4X3 + 24713640t 3 3 x 2 x 3 

5 

+ 1013472*1,4X2X3 + 18909632*2,2*3,4x1 + 54765120* 3 , 4 x 2 x! + 9743940*2,2x1 + 56039400x 2 xl^ 
+ e 18t iA (12174840*1,1*3,3 + 18742176*i,i* 3 , 4 + 21384000* 3 , 3 xi + 46915200*§ i4 xi + 43516650*1, 1*3,4x3 
+117255780*3,4X 1 x 3 + 25045200*i,ix 3 + 86731200xjxl) + e 19t f a (-9348032*1 2 *3,4 - 60201816*2,2*3,4X2 
-34585560*3,4x1 - 7344120*1, 2 x 3 - 118365480*2,2X2X 3 - 130798800x1 x 3 ) + e 20 *^ (44237480*1, 1*2,2 + 106920000*2, 2x1 

+ 73369200*1,1X2 + 322908000xix 2 ) + e 21t *A ^-111676320*1 3 - 105057720* 3 , 2 *3,4 - 372047472t 3 , 3 t§ >4 
312471528* 4 

— - 135330000*3.2X3 - 1028764080*3,3*3,4X3 - 520356832*1 4 x 3 - 938318400*3,3x1 - 1821978240*1 4 x§ 

5 

- 2728752300*3,4x1 - 1595040000x| j + e 2At ^A ^-818066800*2,2*3,3 - 251287096*2, 2*3,4 - 1837633056*3,3 x 2 

4231559784 , , 2 \ 
- *l, 4 x 2 - 790690320*2,2*3,4X3 - 989596008* 3 ,4X 2 x 3 - 1433740200*2,2x1 - 4342613760x 2 xl J 

+ e 24 *f a (-3018152376*1,1*3,4 - 8019000000t 3 , 4 xi - 2451801360*1, x x 3 - 7485858720xix 3 ) + e 25 W (-147207960*1 2 
+698942520*2,2X2 - 208802880x1) + e 27 *f a (6205115520* 3 , 2 + 57329810784t 3 , 3 * 3 , 4 + 29106573360*1_ 4 
+61873919280* 3 ,3X3 + 118547035032*§ 4 x 3 + 236876184000t 3 , 4 xl + 156672016950x1) + e 29t ^A (86399501864* 2 , 2 
+ 193415433600*3,4X2 + 60645688440*2,2 x 3 + 100959556500x 2 x 3 ) + e 30 W (144023219100*1, 1 + 396940500000xi ) 
4- e 33 *f a (-2655547480800*3,3 - 5537714448240* 3j4 - 11844161039400t 3 , 4 x 3 - 10402175520000x1) 
4- e 35t f a (-4835694794400*2,2 - 9566526202560x 2 ) + e 39 *^ (452466384691680*3,4 + 424218905102400x 3 ) 

- 13317074584740000e 45 W , 



i2 2 2£ / 2 2 3 23 

V99 = ~tl, 1X1X2 — 2x x X2 + e fA I —4*2,1*3,2 - -*2,2*3,2 — -*2, 1*3, 3*3, 4 — —*2, 2*3, 3*3, 4 — — *2,1*3,4 — ^r*2,2*3,4 

2 ^2 ^22 "^"^ 2 2 27 2 2 

— 6*2,1*3,3X3 - *2 2*3,3X3 — -*2,1*3 4X3 — — *2 2*3 4X3 + 12*2, 2*3, 3X2X3 + — *2,2*3 4X2X3 + 18*3 3X3X3 + — *3 4 X 2 X 3 
5 10 5 5 



!, 2*3,4 



4 5 \ 

8*2,1*3,4x1 — -* 2 , 2 *3,4X§ + 16*2,2*3,4X 2 xl + 24*3,4^1x1 — 10*2, 1X3 — -*l, 2 xl + 20*2, 2 X2xl + 30xlx 3 J 



3f ( 36 2 36 2 27 2 

. e ° ma -24*1,1*2,2*3,3 — *1, 1*2, 2*3 4 - 24*2,2*3,3X1 — *2,2* 3 4X1 - 18*1,1*3,3X2 — *1,1*3 4^2 - 52*3,3X1X2 

V 5 5 5 
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- —t§ 4X1X2 — 32*1,1*2,2*3,4^3 — 32*2,2*3,4X123 — 144*3 4X1X22:3 — 40*1 ,1*2,2X3 — 40*2,2212:3 — I8OX1X2X3 ) 

5 ' J 

At f 8 , 48 48 , , 16 , 32 , 

+ e 4 W M2*| i2 - 48*f,i*3,4 - 16*2,1*2,2*3,4 " "*2,2*3,4 + y *3,2*3,3*3,4 + 7^*3,3*3,4 + 7j7^*3,2*3,4 + — *3,3*3,4 

16*3 4 2 5 •) 2 2 66 3 

+ — 77773 48*1,1*3,42:1 - 60*i 1 x 3 - 10*2,1*2,22:3 - 77*2 22:3 + 90*3,2*3,32:3 + 36t 3 3*3,42:3 + 27*3,2*3 4 x 3 + — *3,3*3 423 

1875 3 5 

+ i|*l 4 X 3 - 60*1,1X1X3 + 20*| 32:223 + 30*2,22|x 3 + 108t| 3 X§ + 120*3,2*3,42! + ^*3,3*! 423 + ^*3 42:3 
25 5 25 

+ 150*3, 2x| + 348*3,3*3, 4 x| + ^p*|, 4 x| + 360*3, 323 + 300*3, 4 x| + 480t 3 , 4 x| + 300x| j + e 5 W ^-20*i,i* 2 ,i 

-^*l,l*2,2 ~ 40*|, 2 Xi - 30*1,1*2,2X2 + 84*2,2X1X2^ + e 6t *A (^48*2,2*3,3 + 204*2,2*3,2*3,4 + ^*2, 2*3, 3*3,4 

244 4 9 1296 , 612 4 

+ 177r*2,2*3 4 + 144t§ 3 X 2 + 432*3,2*3,422 + -— *3,3*3 42:2 + — 4 i x 2 ~ 90*2.2*3.22 3 + 262*2,2*3,3*3,42:3 
25 5 25 

+ 87*2,2*3,423 + 720*3,2X2X3 - 36*3,3*3,4X 2 X 3 - 78t|, 4 X2X 3 - 280*2,2*3,323 + 228*2,2*3,423 ~ 432*!, 4 X 2 x! 

, , a\ 7t f 9432 14064 , 

- 90*2,2*3,421 - 540*3,4222! - 600*2, 22| + e 7t "A 36*1,1*3,2 + — =— tl, 1*3,3*3,4 + — — *1,1*3 4 - 240*3,: 

/ \ 5 25 

12936 

+ 2712*3,3*3.42! + 836*! 421 + 1584*i,i*3,3X3 + — —*i i*§ 4 x 3 + 2880*3,32123 + 3072*! 4 xix 3 + 4272*i,i* 3 , 4 x! 

5 

)/ 1712 
+ e 8t MA (480*2,1*3,3 + 976*1,2*3,3 + 2240*2,1*!, 4 + -7J-*2,2*!,4 

9648 999 9 9 

+ 672*2,2*3,32:2 H *2 2*! 422 + 3888*! 4^2 + 5670*2 1*3 423 + 663*2 2*3 423 - 4680* 2 2*3 42:223 - 4050* 3 423X3 

5 

+ 4400*2, ix! + *2,22! - 8800*2,2X 2 x! - 13200x!x!^ + e 9t "» (11028*i, 1*2,2*3,4 + 16992* 2 ,2*3,4Xi + 12690*i, 1*3,4x2 

+ 35540*3, 4 2 1 x 2 + 15920*1,1*2,223 + 21440* 2 , 221X3 + 14400*i,ix 2 x 3 + 64800xix 2 x 3 ) + e 10t »A ^6480*?,i + 3580* 2 , 1*2,2 

1070*3 2 53572 , 31712*5 

+ - 2820*3.2*3,3 - 12312*! 3 * 3 , 4 - 9822t 3 , 2 *! 4 — *3,3*! 4 777^ + 7200*i,ixi + 720*! 2 2 2 

o 5 ' 25 

- 21990*!, 3 x 3 - 36810*3,2*3,4X3 - 48846* 3 ,3*!, 4 23 - *3,4 a 3 - 37200* 3 , 2 x! - 112800*3,3*3,42! - 41120*!, 4 x! 

- 105450*3,3x! - 118515t§ j4 x§ - 187800*3, 4 x| - 120000x! J + e 12 '^ (-37320*2,2*3,2 - 134976*2,2*3,3*3,4 



- 240*3,22i 



4. e 13 W 



238568 3 623952 „ 9 

*2 2*! 4 - 95040*3 222 - 218016*3 3*3 422 * 3 4 2 2 - 142000t 2 2*3 323 - 123218* 2 2*! 423 

5 5 

97668 9 9 9 o o\ 

187488*3,32223 H *!, 4 22X3 - 118240*2,2*3,42! + 275616*3,4222! + 12150*2,22! + 47520222! J 

/ 2823906 9 4941216 , 

-310524*i,i*3,3 *i,i*| 4 - 460944*3, 3 X! 1\ 4 x± - 1299552*1, 1*3,4x3 - 1821792*3, 4 xix 3 

\ 5 5 

- 826440ti, ix§ - 876240xix!^ + e 14t ^A (^-767776* 2 , 1*3,4 - -^y^*!,2*3,4 - 1179120*2,2*3,4X2 - 1710720* 3 ,4x! 

- 1018710*2,1X3 - 313395*!, 2 x 3 + 14940*2, 2x223 + 204930xlx 3 J + e 15t ^A (-1454700*1, 1*2,2 - 2521080* 2 ,22i 

s 16t ( 2 40336272 2 54600584* 4 4 

- 2105730*i,iX2 - 6105780xix 2 ) + e lbt ^A 2165568*! 3 + 3609984* 3 , 2 * 3 ,4 H * 3 ,3*! 4 + — 

V 5 25 

+ 5544810*3,2X3 + 19824522*3,3*3,4x3 + 8788881*|, 4 2 3 + 16810920* 3 , 3 x! + 21775608*§, 4 x§ + 34558560* 3 , 4 x! 

A , 8f / 153341514 , , 
+ 23399400x| J + e 18t ^A ( 18291996* 2 , 2 *3,3 + g *2,2*!, 4 + 31220640*3,3 22 + 63970560*!, 4 x 2 
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+ 44706608*2,2 *3,4X 3 + 13201020*3,4X 2 x 3 + 14586360*2,2^3 - 20908800a;2a;| ) + e 19 '^ (130053624*1, i* 3 , 4 



„ n . / 107803060*? , 
+ 234511560*3,4X1 + 126689040ti,iX3 + 173462400xix 3 ) + e 2m »A 70426400t 2 ,i H — + 154487520*2,2 x 2 



3 



+ 188179200X 2 . J + e IM "A (-322723200* 3 , 2 - 1658859840t 3 , 3 * 3 , 4 - 1104177104*?, 4 - 1751296950t 3 ,3X 3 

-2789043165t| 4 x 3 - 3852264600* 3 , 4 x 2 . - 2730360000x|) + e 24 *^ (-5796453600*2,2*3,4 - 10520500320* 3 , 4 x 2 
- 3593143350*2,2X3 - 1178290080x 2 x 3 ) + e 25 *^ (-8480495040*1, i - 14971717440xi ) + e 28t ^A (98859098880* 3 , 3 
+229725744576*3 4 + 338692970880* 3 , 4 x 3 + 212350641900x§) + e 30 *^ (321584010960*2,2 + 508631389200x 2 ) 
+ e iU ^A (-20567085718800*3,4 - 13652202240000x 3 ) + 651652721212800e 40t "A , 

099 = et " A 1*2,1 - ^7*1,1*2,2 ~ 2 *2,lXl - ^*1, 2 ^1 ~ 2*1,1*2,2X2 - 4t 2 ,2XiX 2 - 3*1, ix| - 6xiX 2 ^ + e 2t ^A ^-4*2,2*3,1 

2 2 4 2 2 1 4 3 2 6 3 2 I4 

_ 5*2,2*3,3 - -*2, 2*3, 2*3, 4 - — *2, 2*3, 3*3, 4 ~ 7^*2,2*3,4 - 6*3,1X2 - -* 3 , 3 X2 - -*3, 2*3,4X2 - — *3, 3*3, 4^2 - ^7j7j*3,4 :E 2 

24 8 27 \ / 

+ 12*3,2X2X3 + y*3,3*3,4X2X 3 + — * 3 , 4 X2X 3 + 18*3, 3X2X3 + y* 2 , 4 X2X§ + 24*3, 4 X 2 x| + 30x 2 xf J + e 3t ^A I -21*i,l* 3 ,2 

42 14 3 36 12 3 27 2 2 

r*l,l*3,3*3,4 — — *1,1*3 4 _ 18*3,2X1 — *3, 3*3, 4X1 — — * 3 4X1 - 18*1 ,1*3 ,3^3 — *1,1*3 4 X 3 — 24*1 1*3 4X3 

5 25 5 25 5 

+ e 4t *A -52*2,1*3,3 + — *1 2*3,3 - — *2,1*§ 4 + *2 2*3 4 ~ 14*2,2*3,3^2 - — *2,2*§ 4^2 ~ 48* 3 , 3 x| 
V 3 5 5 

72 \ 

-y* 3 , 4 x| - 48*2,1*3,4X3 + 8*| j2 *3,4X3 - 48*2,2*3,4X 2 X 3 - 60*2,lX§ + 10t| >2 X§ - 90*2,2X 2 X§ J + e 5 W (23*1,1*2,2*3,4 

+ 78*2,2*3,4X1 + 30*1,1*3,4x2 - 36* 3 , 4 xix 2 + 90*1,1*2,2x3 - 120*i,ix 2 x 3 - 720xix 2 x 3 ) + e 6 W \ 8U\ A + 144t 2 ,i*2,2 
3 9 9 146 , 81*| 4 

+ 4t| , + 204*3,2*3,3 - 36*3,1*3,4 + 78*§ 3*3,4 + 54*3,2*3 4 + "^*3,3*| 4 + ~ T^T" + 288*1, 1X1 + 90*2, 1X 2 + 273*| 2 X 2 

5 50 

+ 432*2. 2 x^ + 144*1 3x3 + 144*3,2*3,4X3 + 144*3,3*3 4^3 + ^*| 4^3 + 180*3,2x1 + 264*3,3*3, 4 x| + ^*1 4 x| + 240*3, 3x3 

5 5 

, ,\ Sf / 3868 1138 o 

+ 72*| j4 xl J + e 8t ^A ( 2324*2,2*3,2 + —g-*2, 2*3, 3*3,4 + ^g-*2,2*3,4 + 4080*3,2X2 + 2946*3,3*3,4X2 + 503*| 4 X2 

+3552*2,2*3,3^3 + ^P*2, 2*3,4x3 - 1440*3,3x2x3 - 96t 3>4 x 2 x 3 + 5436*2,2*3,4X3 - 2970t 3 ,4X 2 x§ + 6720*2,2X§ 1 - 6000x 2 x|^ 

q, / 40749 9 9 2 \ 

+ e M »A (12783*1,1*3,3 + —rjp*i, 1*3,4 + 18270*3,3X1 + 6633*3 j4 xi + 19242*i,i* 3 , 4 x 3 + 25440*1,1X3) 

,„, / 8096 , 9 , \ 

+ e lm ^A (36080*2,1*3,4 — *2, 2 *3,4 + 39220*2,2*3,4X2 + 82320*3,4x1 + 48000*2,1X3 - 8960*| j2 a;3 + 10380t 2 , 2x2x3 J 

lit , ^ i2t ( 384372* 2 3 610044 

+ e Llt fA (20699*i 1*2 2 + 71310* 2 2X1 + 83568*i x x 2 + 125856xix 2 ) + e 12 W 125856* 3 1 — * 3 2*3 4 

V 5 5 

2983272 2 1840531* 4 4 999 
— — *3,3*3, 4 — + 72000*3,2X3 - 196560t 3 , 3*3,4x3 - 70152*^4X3 + 100500*3, 3 x§ - 100230*3 j4 X3 

, 4 \ 14 , / 2936184 2 9687726 2 
+ 204000*3,4X§ + 450000x| 1 + e 14 W ( -1057056*2,2*3,3 g *2,2*§, 4 - 1362384* 3 , 3 x 2 *3, 4 X2 
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- 1909968*2,2*3,4^3 + 77952*3,4^2X3 - 2989260*2,2^1 + 427410x 2 xlJ + e lj *f a (-4862592*1, 1*3,4 - 6648192* 3 , 4 xi 

- 6363810*1,1X3) + e 16t ^A (-7993620*2, 1 - 599310*1,2 - 11865582*2, 2 x 2 - 17087760x1) + e 18t ^A (13279500* 3 , 2 

118070466*1 4 „ „ , 

+58919244*3,3*3,4 H ii + 16506720t 3 , 3x3 + 46114704*1 4 x 3 + 7337760t 3 , 4 xl - 79182000x1 

5 

+ e 20t ^A (289168248*2,2*3,4 + 582458130* 3 ,4X 2 + 337148640*2,2 x 3 - 11652000x 2 x 3 ) + e 21 W (598087680*1, 1 

, 4 , / 42954595602*1 4 
+ 640800000xi) + e 24t fA -4658254068*3,3 — - 6772067424*3, 4 x 3 + 3614130720x1 



- e 26t ^A (-25117901460*2,2 - 36050857920x 2 ) + e 30t "A (1001073115680*3,4 + 176276934000x 3 ) - 34893343710720e 36 *^A 



A. 12. V for A = (2,3,5). 

/ 27*? \ 
■tj, 1 =xj + e st ^A I 18*3,3 H + 48*3,4x3 + 90x1 J + e 5 W (-210*2,2 - 360x 2 ) 

+ e 9t "A (13230*3,4 - 12000x3) - 2708910e 15 *^ , 
if} 2 = - 48e 4t KA t 3 , 4 + 40800e 10 *^^ , 
ib 3 = - 1440e 6t f a . 
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